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Homework 1
1.

(a)

Let affair = "Alice is having an affair with Charles". Furthermore, let A = Alice, B = Bob and C = Charles. Let S = {A,C} and T = union(S,{B}). Then:

□*S affair ^

// the affair is common knowledge between Alice and Charles

¬KB affair ^

// and Bob doesn’t know about it

□A KB affair ^

// but Alice believes that Bob knows…
□A ¬□C KB affair
// …and that Charles doesn’t believe that Bob knows



// (if she thought Charles thought Bob knew about the affair,




// presumably there would be no need to send him a note –




// though, admittedly, some people like telling people things




// they already know!)

(b)

(from Alice’s perspective)

□*S affair ^

// implicitly, there is an affair, which is common knowledge



// between us

□A KB affair ^

// and I believe Bob knows about it
□A ¬□C KB affair
// and, implicitly, I believe you don’t believe that, because



// if you did there wouldn’t have been much point in sending



// the note

(c)

□*S affair ^

// the affair is common knowledge between Alice and Charles
KB affair ^

// and now Bob knows there is one (not just believes, since



// his belief and the fact that there is one means he knows)

□*S KB affair ^
// and it’s common knowledge between Alice and Charles that




// Bob knows there is one

KB □*S KB affair
// and Bob knows that it’s a common knowledge that he knows



// (even though it would just have been belief before he read 


// it!), because he knows that Charles immediately got the 



// message and that thus it will be common knowledge between 



// Alice and Charles that he knows

Incidentally, Alice and Charles don’t know that Bob knows that they know that he knows they’re having an affair, so the affair isn’t common knowledge between all three of them (there are other things various people don’t know, but that one lack of knowledge prevents it being common knowledge on its own).
2.

(a)

Let S = {1,2,3,4}.

□*{2,3,4} d1 ^

// it’s common knowledge among 2, 3 and 4 that 1 is dirty



// (which contains the implication that that 1 is dirty), since




// they can all see 1 and they can all see that the others can see 1




// as well, so the others will have come to the same conclusion, 



// etc.

□*{1,3,4} d2 ^

// it’s common knowledge among 1, 3 and 4 that 2 is dirty

□*{1,2,4} d3 ^

// it’s common knowledge among 1, 2 and 4 that 3 is dirty

□*{1,2,3} ¬d4 ^

// it’s common knowledge among 1, 2 and 3 that 4 is clean

□*S ((□*{2,3,4} d1) v (□*{2,3,4} ¬d1)) ^
// it’s common knowledge that it’s common 






// knowledge amongst 2, 3 and 4 whether 1 is 






// dirty or not (i.e. 1 knows that they know the





// truth and they know he knows, etc.)

□*S ((□*{1,3,4} d2) v (□*{1,3,4} ¬d2)) ^
// it’s common knowledge that it’s common 






// knowledge amongst 1, 3 and 4 whether 2 is






// dirty or not

… (similarly for 3 and 4) …
(b)
d1 v d2 v d3 v d4
(c)

4

^
¬Ki di
i=1

3.

We aim to prove that before round r, where 1 <= r <= k, it is common knowledge that there are at least r dirty children. This is useful because dirty children (only) deduce that they are dirty by noting that there are at least k dirty children and they can only see k-1 of them, which naturally implies that they themselves must be dirty. Furthermore, clean children (only) deduce that they are clean by noting that the only way the dirty children could have known they were dirty is by observing the above. So in other words, they know that the dirty children know that there are k dirty children. Since they themselves can see k dirty children, they deduce that they must be clean. (They could of course also note that since all the children of either type are equivalent, had they been dirty they would have been able to deduce it in the same way the dirty children had, and since they couldn't, they must be clean.)

Assuming we can prove the original statement, it's clear that until round k, the dirty children cannot possibly know they are dirty, for they only know that at round r at least r children are dirty. Thus they answer "I don't know" for the first k-1 rounds. Furthermore, as explained above, they can deduce before round k that they are dirty and thus answer the k'th question with "I know, I am dirty". And as explained above, the clean children only find out they are clean as a result of the dirty children knowing they are dirty, so they can't find out till round k+1, when they will answer "I know, I am clean".

Our proof of the original statement is as follows:

Base Case (r = 1)

The father tells them initially that there is at least one dirty child, so it's common knowledge. (This gives us one way of seeing the purpose of the father's initial statement, namely that it gives us our base case for the induction.)

Inductive Hypothesis

Before round r, it is common knowledge that there are at least r dirty children.

Inductive Step

RTP: The hypothesis and r < k together imply that before round r+1, it is common knowledge that there are at least r+1 dirty children.

Proof:

It is common knowledge before round r that there are at least r dirty children. During round r, none of the children can know whether they are dirty or not. Suppose they are dirty, then they see k-1 dirty children. Since r < k (r <= k-1), they only know that

there are at least k-1, so it's impossible to deduce that they themselves are dirty. Suppose they are clean, then they see k dirty children. In that case, knowing that there are at least r dirty children doesn't help them decide, since they can already see that there are at least k dirty children anyway, and there's nothing to tell them if they themselves are dirty too (there could be k+1 dirty children, from their perspective).

So all the children answer "I don't know" at round r. Before round r+1, all the children, being perfect logicians, note that had there only been r dirty children, those who were dirty would have known at round r, given that before round r, by hypothesis, it was common knowledge that there were at least r dirty children. (This would have led the dirty children to the conclusion that since they could only see r-1 dirty children themselves, they must be dirty.) Since those who were dirty didn't know, there can't just have been r dirty children, so there must be at least r+1 dirty children. (The children also know that the other children will have come to the same conclusions, being perfect logicians, and that the other children know that all the other children know this, etc., hence the claim that it is common knowledge. This follows from the fact that the hypothesis was common knowledge, of course, so it's common knowledge that they will have drawn the same conclusions.) QED

Disclaimer: This isn't an induction on k as per the hint. To be honest, I couldn't see exactly how to do it that way, which is why I came up with this method instead. I'm curious as to what was actually intended!

4.

Since all the women know who else is being cheated on, those who are not being cheated on think that there are either 17 or 18 women being cheated on (it depends whether they themselves are being cheated on!) They know that if there are 17 being cheated on, that those who are being cheated will realise on the 17th day. The 100 merciless women believe that this will result in them shooting their husbands. When this doesn't happen, they conclude that there must have been 18 women being cheated on. They can only see 17 themselves, so they conclude that their husband is cheating on them, and on the 18th day, all the 100 merciless women will shoot their husbands. (Of course, the merciful women who aren't being cheated on might also conclude that they are being cheated on, but being merciful they won't shoot their husbands in any case. Whether they do or not depends on whether they think that other women might break the law because they themselves would. It's likely that they would suspect this and wouldn't be able to decide whether their husbands are cheating or not, but this isn't really significant to the question, since they wouldn't shoot their husbands in

either case!) So the answer is yes, 100 (innocent) husbands will die.

5.

(a)

i) Let attack = “A wants to attack tomorrow”.

attack ^ KA KB attack

B knows that A wants to attack and that A knows that he knows that A wants to attack

ii)

KB attack ^ KB KA KB attack

(b)

No, because A doesn’t know that B knows that A knows that B knows that A wants to attack (if you see what I mean!). If B doesn’t know that (i.e. B didn’t get A’s acknowledgement), then he won’t attack, because if he thinks that A doesn’t know that he knows that A wants to attack, then he’ll think A might not attack, and so on.

(c)

□*{A,B} attack
i.e. it’s common knowledge between A and B that A wants to attack tomorrow (hence B will support the action and A will know he will, and B will know A will know he will, etc., so they will both attack)
