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FAO: Dr. Geraint Jones
Splines and Computational Geometry

Tutorial 4
Question 1

If x = X(t) and y = Y(t) are polynomials of degree m and n respectively, find an expression

for the degree of the polynomial X^2(t) + Y^2(t). Hence show that it is impossible to represent

a circle exactly using polynomial parametric functions.

Answer:

(a)

We observe that in general for polynomials p = P(t) and q = Q(t):

degree(p + q) = max{degree(p), degree(q)}

To give an example:

P(t) = 23t^3 + 9t + 84

Q(t) = t^2 + 1

degree(p) = 3

degree(q) = 2

degree(p + q) = degree(23t^3 + t^2 + 9t + 85) = 3 = max{3, 2} = max{degree(p), degree(q)}

---

We further observe that in general for a polynomial r = R(t):

degree(r^2) = 2 * degree(r)

To give an example:

R(t) = t^3 + 1

R^2(t) = (t^3 + 1)^2 = t^6 + lower order terms

degree(r^2) = 6 = 2 * 3 = 2 * degree(r)

---

We therefore conclude that degree(x^2 + y^2) = max{2 * degree(x), 2 * degree(y)} = 2 * max{degree(x), degree(y)}

So the degree of X^2(t) + Y^2(t) = 2 * max{m, n}

(b)

TODO: Hence show...

Question 2

A closed curve is generated by de Boor points d0 = (0,0), d1 = (1,0), d2 = (1,1) and

d3 = (0,1) (and also d4 = d0 by virtue of its being closed).

(a) If the curve is composed of quadratic splines, sketch the de Boor control points,

the Bézier control points and the curve. Calculate a parametric form for the Bézier

curve segment which is closest to d1. How well does this curve segment approximate an

arc of a circle? Which circle is that likely to be?

(b) If the curve is composed of cubic splines, sketch the de Boor control points, the

Bézier control points and the curve. Calculate a parametric form for the Bézier curve

segment which is closest to the x-axis. Does this curve segment approximate an arc of

a circle better than the quadratic above?

Hint: You have several ways of quantifying the approximation.

For example, you can write the implicit equations involved and study the range of the

terms that differ.

Alternatively, you might quantify and compare the radius of curvature. A curve of parametric

form (x(t), y(t)) has radius of curvature

R = ((x'^2 + y'^2)^(3/2)) / |x'y'' - x''y'|

where x', x'', etc. are the respective first and second derivatives w.r.t. t

Answer:

(a)

See attached sheet for diagram.

Parametric form for the Bézier curve segment closest to d1:

Let's parameterise it in terms of t, such that t = 0 at a0 = (d0 + d1)/2 and t = 1 at

a2 = (d1 + d2)/2. Then:

c(t)

= (1-t)^2.a0 + 2(1-t)t.a1 + t^2.a2

= (1-t)^2.(d0 + d1)/2 + 2(1-t)t.d1 + t^2.(d1 + d2)/2

= (1-t)^2.[1/2,0] + 2(1-t)t.[1,0] + t^2.[1,1/2]

= [1/2(1-t)^2 + 2(1-t)t + t^2, 1/2t^2]

Whence:

x(t)

= 1/2(1-t)^2 + 2(1-t)t + t^2

= 1/2(1 - 2t + t^2) + 2t - 2t^2 + t^2

= 1/2 - t + 1/2t^2 + 2t - 2t^2 + t^2

= 1/2 + t - 1/2t^2

= 1/2(1 + 2t - t^2)

y(t)

= 1/2t^2

The circle we're comparing it to is likely to be:

(x-1/2)^2 + (y-1/2)^2 = 1/4

i.e. the circle centred on (1/2, 1/2) with radius 1/2

Judging by what the two curves look like on my graphics calculator, I'd say the curve

segment approximates an arc of the circle fairly well (though not exactly, obviously).

We can try plugging x(t) and y(t) into the circle equation to see what we get:

f(t)

= (1/2(1 + 2t - t^2) - 1/2)^2 + (1/2t^2 - 1/2)^2 - 1/4

= (t - 1/2t^2)^2 + (1/2t^2 - 1/2)^2 - 1/4

= 1/4(2t - t^2)^2 + 1/4(t^2 - 1)^2 - 1/4

= 1/4((2t - t^2)^2 + (t^2 - 1)^2 - 1)

= 1/4((4t^2 - 4t^3 + t^4) + (t^4 - 2t^2 + 1) - 1)

= 1/4(2t^4 - 4t^3 + 2t^2)

= 1/2t^4 - t^3 + 1/2t^2

f(t) is something of a measure of how far we are from the actual arc - when it's 0,

we're on the arc

In the range we're considering, namely [0,1], there is a maximum of f(t) - drawing the

graph is the simplest way of seeing this.

f'(t) = 2t^3 - 3t^2 + t = 0

t(2t^2 - 3t + 1) = 0

t = 0 or 2t^2 - 3t + 1 = 0

It turns out that when t = 0, we're at a minimum (draw the graph), so we can ignore that.

2t^2 - 3t + 1 = 0

(2t - 1)(t - 1) = 0

t = 1 or t = 1/2

It turns out that when t = 1, we're also at a minimum (draw the graph), so we can ignore

that as well.

When t = 1/2, we're at a maximum. In other words, the curve is furthest from the actual

arc when t = 1/2, which is clearly what we expect (especially once we've looked at the

two side-by-side).

How far away is it? Well suppose f(t) = k. Then the distance from the circle is:

sqrt(k + 1/4) - 1/2

Why? Well, f(x,y) = (x-1/2)^2 + (y-1/2)^2 - 1/4 = k, so k + 1/4 = (x-1/2)^2 + (y-1/2)^2,

so sqrt(k + 1/4) is the distance between (x,y) and (1/2,1/2), the centre of the circle,

so the distance to the point on the line joining them and also on the circumference of

the circle is sqrt(k + 1/4) - r, where r is the radius of the circle, namely 1/2.

What happens when we plug t = 1/2 in? We get:

f(t) = 1/32

So the distance from the arc of the circle at this point is:

sqrt(1/32 + 1/4) - 1/2 = 0.03 (1SF)

This is a measure of how good (or otherwise) the approximation is - the maximum distance

we can be from the correct arc.

(b)

See attached sheet for diagram.

Parametric form for the Bézier curve segment which is closest to the x-axis:

Let's parametrise it in terms of t, such that t = 0 at a0 and t = 1 at a3.

First of all:

a[-1] = 1/3d0 + 2/3d1

a0 = 1/2(a[-1] + a1) = 1/2(1/3d0 + 2/3d1 + 2/3d1 + 1/3d2) = 1/6d0 + 2/3d1 + 1/6d2

a1 = 2/3d1 + 1/3d2

a2 = 1/3d1 + 2/3d2

a3 = 1/2(a2 + a4) = 1/2(1/3d1 + 2/3d2 + 2/3d2 + 1/3d3) = 1/6d1 + 2/3d2 + 1/6d3

a4 = 2/3d2 + 1/3d3

Now:

c(t)

= (1-t)^3.a0 + 3(1-t)^2.t.a1 + 3(1-t)t^2.a2 + t^3.a3

= 1/6(1-t)^3.(d0 + 4d1 + d2) + (1-t)^2.t.(2d1 + d2) + (1-t)t^2.(d1 + 2d2) + 1/6t^3.(d1 + 4d2 + d3)

= d0(1/6(1-t)^3) + d1(2/3(1-t)^3 + 2(1-t)^2.t + (1-t)t^2 + 1/6t^3)

+ d2(1/6(1-t)^3 + (1-t)^2.t + 2(1-t)t^2 + 2/3t^3) + d3(1/6t^3)

= {since d0 = (0,0)}

d1(2/3(1-t)^3 + 2(1-t)^2.t + (1-t)t^2 + 1/6t^3) + d2(1/6(1-t)^3 + (1-t)^2.t + 2(1-t)t^2 + 2/3t^3) + d3(1/6t^3)

= 1/6d1(4(1 - 3t + 3t^2 - t^3) + 12(1 - 2t + t^2)t + 6(1-t)t^2 + t^3)

+ 1/6d2((1 - 3t + 3t^2 - t^3) + 6(1 - 2t + t^2)t + 12(1-t)t^2 + 4t^3)

+ 1/6d3(t^3)

= 1/6[d1(4 - 12t + 12t^2 - 4t^3 + 12t - 24t^2 + 12t^3 + 6t^2 - 6t^3 + t^3)

+ d2(1 - 3t + 3t^2 - t^3 + 6t - 12t^2 + 6t^3 + 12t^2 - 12t^3 + 4t^3)

+ d3(t^3)]

= 1/6[d1(3t^3 - 6t^2 + 4) + d2(-3t^3 + 3t^2 + 3t + 1) + d3(t^3)]

Usefully enough, this is what we'd expect, given the matrix on page 126 of the notes.

So:

x(t)

= 1/6(3t^3 - 6t^2 + 4 - 3t^3 + 3t^2 + 3t + 1)

= 1/6(-3t^2 + 3t + 5)

y(t)

= 1/6(-3t^3 + 3t^2 + 3t + 1 + t^3)

= 1/6(-2t^3 + 3t^2 + 3t + 1)

Let's quantify the radius of curvature of both the quadratic and cubic spline segments as suggested:

The radius of curvature of the circle itself is obviously just 1/2. We want to find how far either side

of this the radii of curvature of the spline segments go.

Cubic

x'(t) = 1/6(-6t + 3) = 1/2 - t

y'(t) = 1/6(-6t^2 + 6t + 3) = 1/2 + t - t^2

x''(t) = -1

y''(t) = 1 - 2t

R

= [((1/2 - t)^2 + (1/2 + t - t^2)^2)^(3/2)]/|(1/2 - t)(1 - 2t) + (1/2 + t - t^2)|

= [((1/4 - t + t^2) + (1/4 + t^2 + t^4 + 2(1/2t - 1/2t^2 - t^3)))^(3/2)]/|(1/2(1 - 4t + 4t^2) + 1/2 + t - t^2)|

= [(1/4 - t + t^2 + 1/4 + t^2 + t^4 + t - t^2 - 2t^3)^(3/2)]/|(1/2 - 2t + 2t^2 + 1/2 + t - t^2)|

= [(1/2 + t^2 - 2t^3 + t^4)^(3/2)]/|(1 - t + t^2)|

We want to find the maximum and minimum of this in the range [0,1] (which is great, because it means

we don't have to do lots of algebra churning to simplify the above expression...)

R'

= | [(1 - t + t^2) . (3/2)(1/2 + t^2 - 2t^3 + t^4)^(1/2) . (2t - 6t^2 + 4t^3)

- (1/2 + t^2 - 2t^3 + t^4)^(3/2) . (-1 + 2t)] / (1 - t + t^2)^2 |

We want to find where R' = 0:

[(1 - t + t^2) . (3/2)(1/2 + t^2 - 2t^3 + t^4)^(1/2) . (2t - 6t^2 + 4t^3)

- (1/2 + t^2 - 2t^3 + t^4)^(3/2) . (-1 + 2t)] / (1 - t + t^2)^2 = 0

=>

(1 - t + t^2) . (3/2)(1/2 + t^2 - 2t^3 + t^4)^(1/2) . (2t - 6t^2 + 4t^3)

- (1/2 + t^2 - 2t^3 + t^4)^(3/2) . (-1 + 2t) = 0

=>

(1 - t + t^2) . (3/2)(1/2 + t^2 - 2t^3 + t^4)^(1/2) . (2t - 6t^2 + 4t^3)

= (1/2 + t^2 - 2t^3 + t^4)^(3/2) . (-1 + 2t)

Square both sides:

(1 - t + t^2)^2 . (3/2)(1/2 + t^2 - 2t^3 + t^4) . (2t - 6t^2 + 4t^3)^2

= (1/2 + t^2 - 2t^3 + t^4)^3 . (-1 + 2t)^2

Multipy through by 8:

4(1 - t + t^2)^2 . 3(1/2 + t^2 - 2t^3 + t^4) . (2t - 6t^2 + 4t^3)^2

= (1 + 2t^2 - 4t^3 + 2t^4)^3 . (-1 + 2t)^2

And do some seriously fun simplifying:

6(1 + t^2 + t^4 + 2(-t + t^2 - t^3))(1 + 2t^2 - 4t^3 + 2t^4)(4t^2 + 36t^4 + 16t^6 + 2(-12t^3 + 8t^4 - 24t^5))

= <something painful>

There's a school of thought (to which I subscribe) which says that when you reach a point like this

and (a) you don't have Maple or Matlab (as recommended) and (b) you don't like algebra churning, you

should probably stop and move onto the next question. Accordingly, I'm adopting that as a plan at this

stage... :-) Any insight as to how to avoid the horrible algebraic heffalump pit I've fallen into would

be much appreciated!

Question 3

Try to approximate the letter 'O' by determining a quadratic B-spline where the following

points q0 = (0,1/2), q1 = (1/2,1), q2 = (1,1/2) and q3 = (1/2,0) are interpolated at

uniformly-spaced knots.

Hint:

Look at the problem as one of interpolating a periodic curve q(t) where the interpolation

is carried out at knots t = ..., 0, 1, 2, 3, 4, ..., such that q(t + 4) = q(t).

When you calculate the control grid, look for a solution which is symmetrical. This can be

achieved, say, by setting the first corner of the control polygon (weight d[-2]) to (0,0).

(If you can run Maple or Matlab, you may study the shape of the curve as you choose the extra

constraint in a few other different ways.)

Answer:

The spline we're after is:

s(t) = sum{k in Z} d[k]N[k](2)(t)

We want to find the d[i] such that s(t) = q(t) at all the knots.

At the knots, the values of each basis function (N[k](2)(t)) is 1/2.

So:

s(0) = q0 = 1/2d[-2] + 1/2d[-1]

s(1) = q1 = 1/2d[-1] + 1/2d0

s(2) = q2 = 1/2d0 + 1/2d1

s(3) = q3 = 1/2d1 + 1/2d2

s(4) = q0 = 1/2d2 + 1/2d3

The hint recommended that we set d[-2] to (0,0), which makes the whole system a lot easier

to solve:

q0 = (0,1/2) = 1/2d[-1] => d[-1] = (0,1)

q1 = (1/2,1) = 1/2d[-1] + 1/2d0 = (0,1/2) + 1/2d0 => d0 = (1,1)

q2 = (1,1/2) = 1/2d0 + 1/2d1 = (1/2,1/2) + 1/2d1 => d1 = (1,0)

q3 = (1/2,0) = 1/2d1 + 1/2d2 = (1/2,0) + 1/2d2 => d2 = (0,0)

q4 = q0 = (0,1/2) = 1/2d2 + 1/2d3 = 1/2d3 => d3 = (0,1)

Note that it's not surprising that the weights d wrap round s.t. d[t+4] = d[t].

Question 4

Sketch the Voronoi diagram of the following set of sites. How far can you get with

computing the coordinates of the diagram's vertices?

The odd site names make more sense when the question is considered in its original context,

namely the 2003 examination paper in Computational Geometry. We will revisit it in the

Revision Classes in Trinity Term.

Answer:

For the sketch, see attached sheet.

Computing the coordinates of the diagram's vertices:

There are nine vertices in total (count them!).

* There's clearly one at (1,1).

* There are two with y = 1/4, since the bisector of S(2,2) and B(2,-3/2) is y = 1/4 and it's

  clear from the diagram that there are two vertices to find. Specifically, those vertices are

  where y = 2 - x and y = x - 2 intersect y = 1/4. Thus (1+3/4,1/4) and (2+1/4,1/4) are vertices.

* There are two with y = -(2+3/4), since the bisector of B(2,-3/2) and M(2,-4) is y = -(2+3/4) and

  it's clear from the diagram that there are two vertices to find. Specifically, those vertices are

  (a) where the bisector of D(-1,-3) and B(2,-3/2) intersects y = -(2+3/4) and (b) where the bisector

  of P(6,-3) and B(2,-3/2) intersects y = -(2+3/4).

{Aside}

Given two sites (x1,y1) and (x2,y2), we calculate their perpendicular bisector thus:

The sites' midpoint is ((x1+x2)/2, (y1+y2)/2).

The gradient of the line joining them is (y2-y1)/(x2-x1).

So the gradient of the perpendicular bisector is (x1-x2)/(y2-y1).

The perpendicular bisector is thus: y - (y1+y2)/2 = (x1-x2)/(y2-y1) . (x - (x1+x2)/2)

Of course, if y2 = y1, then the perpendicular bisector is x = (x1+x2)/2.

{End Aside}

So the perpendicular bisector of D and B is:

y + (2+1/4) = -3/(3/2) . (x - 1/2) = -2(x - 1/2) = -2x + 1

When this = -(2+3/4), we have:

-(2+3/4) + (2+1/4) = -1/2 = -2x + 1 -> 2x = 3/2 -> x = 3/4

  ### So (3/4,-(2+3/4)) is a vertex. ###

The perpendicular bisector of B and P is:

y + (2+1/4) = 4/(3/2) . (x - 4) = 8/3 . (x - 4) = (8/3)x - 32/3

When y = -(2+3/4), we have:

-(2+3/4) + (2+1/4) = -1/2 = (8/3)x - 32/3 -> x = 3/8 * (32/3 - 1/2) = 4 - 3/16 = 3+13/16

  ### So (3+13/16,-(2+3/4)) is a vertex. ###

* There's one on the line y = x - 2 (right at the top of the diagram). We want to find where that line

  intersects the bisector of A(4,0) and I(9,7/6). The bisector of A and I is:

y - 7/12 = -5/(7/6) . (x - 13/2) = -30/7 . (x - 13/2) = -30/7 . x + 195/7 -> y = -30/7 . x + 28+37/84

Calculating the intersection:

x - 2 = -30/7 . x + 28+37/84

(5+2/7)x = 30+37/84

x = 5+337/444

y = x - 2 = 3+337/444

  ### So (5+337/444,3+337/444) is a vertex. ###

* There's one at the intersection of the bisector of D(-1,-3) and B(2,-3/2) and the bisector of

  O(0,0) and B(2,-3/2). Well the bisector of D and B is (as calculated above):

y = -2x - (1+1/4)

The perpendicular bisector of O(0,0) and B(2,-3/2) is:

y - (-3/2)/2 = -2/(-3/2) . (x - 1)

y + 3/4 = 4/3 . (x-1) = 4/3x - 4/3

y = 4/3 . x - 25/12

Calculating the intersection:

-2x - (1+1/4) = 4/3 . x - 25/12

(3+1/3)x = 5/6

x = 1/4

y = -(1+3/4)

  ### So (1/4,-(1+3/4)) is a vertex. ###

* There's one at the intersection of the bisector of B(2,-3/2) and A(4,0) and the bisector of

  B(2,-3/2) and P(6,-3). Well the bisector of B and A is:

y + 3/4 = -2/(3/2) . (x - 3)

y + 3/4 = -4/3 . (x - 3) = -4/3 . x + 4

y = -4/3 . x + (3+1/4)

The bisector of B and P, as calculated above, is:

y + (2+1/4) = 4/(3/2) . (x - 4) = 8/3 . (x - 4) = (8/3)x - 32/3

y = 8/3 . x - (12+11/12)

Calculating the intersection:

-4/3 . x + (3+1/4) = 8/3 . x - (12+11/12)

4x = 16+1/6

x = 4+1/24

y = -(2+5/36)

  ### So (4+1/24,-(2+5/36)) is a vertex. ###

* Last one! There's one at the intersection of the bisector of A(4,0) and I(9,7/6) and the

  bisector of A(4,0) and P(6,-3). Well the bisector of A and I is (as calculated above):

y = -30/7 . x + 28+37/84

The bisector of A and P is:

y + 3/2 = -2/-3 . (x - 5) = 2/3 . (x - 5) = 2/3 . x - 10/3 -> y = 2/3 . x - (4+5/6)

Calculating the intersection:

-30/7 . x + 28+37/84 = 2/3 . x - (4+5/6)

(4+20/21)x = 33+23/84

x = 6+23/32

y = -17/48

  ### So (6+23/32,-17/48) is a vertex. ###

* The complete list of vertices is therefore:

(1,1)

(1+3/4,1/4)

(2+1/4,1/4)

(3/4,-(2+3/4))

(3+13/16,-(2+3/4))

(5+337/444,3+337/444)

(1/4,-(1+3/4))

(4+1/24,-(2+5/36))

(6+23/32,-17/48)
