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Splines and Computational Geometry

Tutorial 3
Question 1

Example of Lagrange interpolation using higher dimension points:

The points p0 = (-1,1), p1 = (0,1/2) and p2 = (1,1) are interpolated by the polynomial p(t)

at t0 = 0, t1 = α, and t2 = 1, where 0 < α < 1. Use Lagrange interpolation to write down

p(t) in terms of the values pi. Convince yourself of the correctness of your calculation.

Sketch the curves for α = 1/4 and α = 1/2. (You may use software tools, e.g. Maple or Matlab.)

Compare the curves you obtained with a Bézier curve generated by control points a0 = p0,

a1 = (0,0) and a2 = p2.

Answer:
(i)

As per the notes:

L0(t)

= π0(t) / π0(t0)

= π0(t) / π0(0)

= (t – t1)(t – t2) / (0 – t1)(0 – t2)

= (t – t1)(t – t2) / t1t2
= (t – α)(t – 1) / α
L1(t)

= π1(t) / π1(t1)

= π1(t) / π1(α)
= (t – t0)(t – t2) / (α – t0)(α – t2)

= t(t – 1) / α(α – 1)

L2(t)

= π2(t) / π2(t2)

= π2(t) / π2(1)

= (t – t0)(t – t1) / (1 – t0)(1 – t1)
= t(t – α) / (1 – α)

p(t)
= L0(t) . p0 + L1(t) . p1 + L2(t) . p2
= p0(t – α)(t – 1) / α + p1t(t – 1) / α(α – 1) + p2t(t – α) / (1 – α)
Let’s check that it’s right:
p(0)

= p0(-α)(-1) / α + 0 + 0

[since t = 0, the other two things are both 0]
= p0
p(α)

= 0 + p1α(α – 1) / α(α – 1) + 0
[since t = α, t – α = 0 and the other things are both 0]
= p1
p(1)

= 0 + 0 + p2(1 – α) / (1 – α)

[since t = 1, t – 1 = 0 and the other things are both 0]
= p2
(ii)

See attached sheet.

(iii)

The Bézier curve generated by the given control points would have the equation:
b(t) = (1 – t)2 a0 + 2(1 – t)t a1 + t2 a2
i.e.
x(t) = -1(1 – t)2 + t2 = -1(1 – 2t + t2) + t2 = 2t – 1
y(t) = (1 – t)2 + t2 = (1 – 2t + t2) + t2 = 2t2 – 2t + 1
On sketching this, it looks remarkably like the α = ½ curve, so let’s show that they’re the same:

pα = ½(t)

= p0(t – ½)(t – 1) / ½ + p1t(t – 1) / ½(½ – 1) + p2t(t – ½) / (1 – ½)
= p0(2t – 1)(t – 1) + p1t(t – 1) / -¼ + p2t(2t – 1)
= p0(2t2 – 3t + 1) – 4p1(t2 – t) + p2(2t2 – t)

x(t) = -1(2t2 – 3t + 1) + (2t2 – t) = 2t – 1
y(t) = (2t2 – 3t + 1) – 4(½)(t2 – t) + (2t2 – t) = 2t2 – 2t + 1

So pα = ½(t) = b(t), as hypothesised.
Question 2

Example of Hermite interpolation:
Given two control points p0, p1 and two directions m0, m1, write down Bézier control points a0, a1, a2, a3 which determine a curve p(t), 0 ≤ t ≤ 1, interpolating p0 and p1 with derivatives equal to m0 and m1 at t = 0 and t = 1 respectively.
Write p(t) in the form

p(t) = h1,0(t)p0 + k1,0(t)m0 + k1,1(t)m1 + h1,1(t)p1,

sketch the functions h1,j(t), k1,j(t), j = 0,1 and hence explain why p is the correct curve.

Answer:

(i)

a0 = p0
3(a1 – a0) = m0
3(a3 – a2) = m1
a3 = p1
So:

a1 = a0 + m0/3 = p0 + m0/3

a2 = a3 – m1/3 = p1 – m1/3

p(t)

= (1 – t)3 a0 + 3t(1 – t)2 a1 + 3t2(1 – t) a2 + t3 a3
= (1 – t)3 p0 + 3t(1 – t)2 (p0 + m0/3) + 3t2(1 – t) (p1 – m1/3) + t3 p1
= ((1 – t)3 + 3t(1 – t)2) p0 + t(1 – t)2 m0 + (t2(t – 1)) m1 + (3t2(1 – t) + t3) p1
So:

h1,0(t) = (1 – t)3 + 3t(1 – t)2 = (1 – t)2((1 – t) + 3t) = (1 – t)2(2t + 1)
k1,0(t) = t(1 – t)2
k1,1(t) = t2(t – 1)

h1,1(t) = 3t2(1 – t) + t3 = t2(3(1 – t) + t) = t2(3 – 2t)
(ii)

See attached sheet.

(iii)

I’m not sure I can explain why p is the correct curve (certainly not from my sketch), beyond saying that it is because it satisfies the specified conditions (interpolating p0 and p1 and having the specified derivatives at the specified points)! Any thoughts?
Question 3

Let a0, ..., an be Bézier control points, and let ars(t), r = 0, ..., n – s the points obtained

at different stages s in the de Casteljau algorithm. Show (e.g. by induction on s) that

(r = 0, ..., n – s

ars(t) = Σ{j=0 to s} ar+j Bs,j(t),

where Bs,j(t) are Berstein polynomials.

Now let n = 3 and a0 = (0,0), a1 = (1,1), a2 = (2,-1) and a3 = (3,0). Sketch a03(t).

Answer:

(i)

Proof by induction

Definition of ars(t):

ar0(t) = ar
ars+1(t) = (1-t).ars(t) + t.ar+1s(t)

e.g.

a01(t)

= (1-t).a00(t) + t.a10(t)

= (1-t).a0 + t.a1
a12(t)

= (1-t).a11(t) + t.a21(t)

= (1-t).((1-t).a10(t) + t.a20(t)) + t.((1-t).a20(t) + t.a30(t))

= (1-t).((1-t).a1 + t.a2) + t.((1-t).a2 + t.a3)

= (1-t)2.a1 + 2t(1-t)a2 + t2.a3
etc.

Base Case (s = 0)

ar{0}(t)

= ar
= ar . 1

= ar 0C0 . t0 . (1-t)0
= ar B[0,0](t)

= Σ {j=0 to 0} ar+j B[0,j](t)

Hypothesis

For some s (and for all r)

ars(t) = Σ{j=0 to s} ar+j Bs,j(t)
[Hypothesis]

Inductive Step

RTP: [Hypothesis] -> ars+1(t) = Σ{j=0 to s+1} ar+j Bs+1,j(t)

ars+1(t)

= {by definition}

(1-t).ars(t) + t.ar+1s(t)

= {by hypothesis}

(1-t).(Σ{j=0 to s} ar+j Bs,j(t)) + t.(Σ{j=0 to s} ar+1+j Bs,j(t))

= {by definition}

(1-t).(Σ{j=0 to s} ar+j sCj.tj.(1-t)s-j) + t.(Σ{j=0 to s} ar+1+j sCj.tj.(1-t)s-j)

= {algebra}

Σ{j=0 to s} ar+j sCj.tj.(1-t)s+1-j + ar+1+j sCj.tj+1.(1-t)s-j
= {algebra}

Σ{j=0 to s} ar+j sCj.tj.(1-t)s+1-j + Σ{j=1 to s+1} ar+j sCj-1.tj.(1-t)s+1-j
= {by looking at the coefficients of tj.(1-t)s+1-j}

ar.(1-t)s+1 + Σ{j=1 to s}(ar+j(sCj + sCj-1).tj.(1-t)s+1-j) + ar+s+1.ts+1
= {by adding the binomial coefficients}

ar.(1-t)s+1 + Σ{j=1 to s}(ar+j(s+1Cj).tj.(1-t)s+1-j) + ar+s+1.ts+1
= {by definition}
Σ{j=0 to s+1} ar+j Bs+1,j(t)

(ii)

a03(t) is just the “normal” Bézier curve specified by the four points. See attached sheet.
Question 4

If p(t) is a cubic polynomial complete the following difference table.
{Only the completed version shown}
	t
	0
	1
	2
	3
	4
	5

	p
	0
	1
	16
	63
	160
	325

	(p
	1
	15
	47
	97
	165
	

	(2p
	14
	32
	50
	68
	
	

	(3p
	18
	18
	18
	
	
	


Determine the functional form of p(t). (Hint: calculations are shorter if you compute (2p

and (p explicitly.)
Check that your values for t = 4 and t = 5 are correct, by direction evaluation of p.

p(t) = a3t3 + a2t2 + a1t + a0
(p(t)

= p(t+1) – p(t)

= a3(t+1)3 + a2(t+1)2 + a1(t+1) + a0 – (a3t3 + a2t2 + a1t + a0)

= a3(3t2 + 3t + 1) + a2(2t + 1) + a1
(2p(t)

= (p(t+1) – (p(t)
= a3(3(t+1)2 + 3(t+1) + 1) + a2(2(t+1) + 1) + a1 – (a3(3t2 + 3t + 1) + a2(2t + 1) + a1)
= a3(3(2t+1) + 3) + a2(2)

= a3(6t + 6) + a2(2)

(2p(3) = 68

(2p(2) = 50

So:

24a3 + 2a2 = 68

18a3 + 2a2 = 50

-> 6a3 = 18 -> a3 = 3 and a2 = -2

(p(3) = 97

So:

3*37 + -2*7 + a1 = 97

-> 111 – 14 + a1 = 97

-> a1 = 0

p(0) = 0
So:

a0 = 0

p(t) = 3t3 – 2t2
p(4) = 3(64) – 2(16) = 192 – 32 = 160

p(5) = 3(125) – 2(25) = 375 – 50 = 325
