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FAO: Dr. Susan Howson

Some Theory of Sets and Groups I

Problem Sheet 3
1)

i)

As cycles:

(1 2 8 5 4 9)(3 6 7)

As transpositions:

(1,2) (1,8) (1,5) (1,4) (1,9) (3,6) (3,7)

Parity:

Odd

ii)

As cycles:

(1 12) (2 6 8) (3 5 4 7 11 10 9)

As transpositions:

(1,12) (2,6) (2,8) (3,5) (3,4) (3,7) (3,11) (3,10) (3,9)

Parity:

Odd

iii)

As transpositions:

(1,3) (2,4) (2,7) (3,8) (3,5)

Parity:

Odd

iv)

As transpositions:

(1,3) (1,2) (1,4) (1,5) (6,7) (1,2) (1,5) (1,7) (1,6) (1,3)

Parity:

Even

2)

S4:

(1 2)

2-cycle

=
(1 2 3 4)


(2 1 3 4)

(1 2 3)

3-cycle

=
(1 2 3 4)


(2 3 1 4)

(1 2 3 4)
4-cycle

=
(1 2 3 4)


(2 3 4 1)

(1 2)(3 4)
two 2-cycles

=
(1 2 3 4)


(2 1 4 3)

S5:

(1 2)

2-cycle

=
(1 2 3 4 5)


(2 1 3 4 5)

(1 2 3)

3-cycle

=
(1 2 3 4 5)


(2 3 1 4 5)

(1 2 3 4)
4-cycle

=
(1 2 3 4 5)


(2 3 4 1 5)

(1 2 3 4 5)
5-cycle

=
(1 2 3 4 5)


(2 3 4 5 1)

(1 2)(3 4)
two 2-cycles

=
(1 2 3 4 5)


(2 1 4 3 5)

(1 2)(3 4 5)
a 2-cycle and a 3-cycle

=
(1 2 3 4 5)


(2 1 4 5 3)

3)

Suppose sgn(σ) is 1. Then σ is an even permutation and can be written as the product of an even number of transpositions. Also

suppose that sng(τ) is 1, then τ is an even permutaiton and can be written as the product of an even number of transpositions. So then

we can write στ as the σ transpositions followed by the τ transpositions, and there are an even number in total. So since

we have written στ as the product of an even number of transpositions, sgn(στ) = 1 = sgn(σ) * sgn(τ).

Similarly, if sgn(σ) or sgn(τ) is -1 (but the other is 1), then the total number of transpositions will be odd, hence:

sgn(στ) = -1 = sgn(σ) * sgn(τ).

If both are -1, then the total number of transpositions will be even, hence:

sgn(στ) = 1 = -1 * -1 = sgn(σ) * sgn(τ).

4)

Consider a pair of 2-cycles of the following form (twice the same transposition):

(a b)(a b)

Then (a b c)(a c b) is a pair of 3-cycles which does the same thing.

Consider (one of the ones in the first one in common):

(a b)(a c)

Then (a b c) is a 3-cycle which does the same thing.

Consider (a disjoint pair of two-cycles):

(a b)(c d) means a -> b, b -> a, c -> d, d -> c

(a b c)(c a d) means a -> b, b -> c -> a (= b -> a), c -> a -> d (= c -> d), d -> c

These are the only distinct types we need to consider.

Now:

Every even permutation can be written as the product of an even number of transpositions, i.e. a series of pairs of 2-cycles. Well, since every

pair of two-cycles can be written as a product of 3-cycles (as shown above), every even permutation can be written as a product of 3-cycles.

As an example, consider the one we had in 1(iv):

(1,3) (1,2) (1,4) (1,5) (6,7) (1,2) (1,5) (1,7) (1,6) (1,3)

As 3-cycles, this is: (1 3 2) (1 4 5) (6 7 1) (1 6 2) (1 5 7) (1 6 3)

5)

Consider a simple example in S4 so we can see what’s going on:
Let:

τ = (1 2 3 4) =
(1 2 3 4 5)



(2 3 4 1 5)

σ =

(1 2 3 4 5)



(4 3 1 5 2)

Then σ-1 =
(1 2 3 4 5)



(3 5 2 1 4)

So σ-1τσ =
(1 2 3 4 5)


(5 2 1 3 4)
= (1 5 4 3)

which is the expected 4-cycle.

…

<Not sure, sorry. Sort of see vaguely why, maybe(!), but not really sure.>
6)

Every element in Sn has a cycle structure consisting of cycles of length <= n. Every such cycle can be decomposed into a product of

transpositions of the form (a b), where a,b <= n. Every such transposition is a product of the transpositions (12),(13),...,(1n) as follows:

If a or b is 1, then it's obvious. If a is 1, it's one of the transpositions listed already, otherwise we just swap them, i.e. (21) = (12).

Otherwise, consider the following:

(a b) means a -> b, b -> a

But we could also say that (a b) means a -> b, b -> a, 1 -> 1 (when a /= 1 and b /= 1). So we can write it as:

(1 a)(1 b)(1 a)

a -> 1 -> b

1 -> a -> 1

b -> 1 -> a

But this is a product of the listed transpositions, so we're done.

Consider an example:

Choose (4 3 1 2 5), a 5-cycle in S5, to demonstrate the method. Then as a product of transpositions we have:

(4,3) (4,1) (4,2) (4,5)

Well:

(4,3) = (1,4)(1,3)(1,4)

(4,1) = (1,4)

(4,2) = (1,4)(1,2)(1,4)

(4,5) = (1,4)(1,5)(1,4)

So (4 3 1 2 5) = (1,4)(1,3)(1,4)(1,4)(1,4)(1,2)(1,4)(1,4)(1,5)(1,4)

And this can be shortened by getting rid of the (1,4)(1,4) pairs:

(1,4)(1,3)(1,4)(1,2)(1,5)(1,4)

Well this is in the form we need, so we're done (actually it was before, but it was just annoyingly long).

Note: In this case, since 1 is in the cycle, we could make things even easier by rotating the cycle round until 1 is at the beginning:

(1 2 5 4 3)

and then just writing it out as: (1,2) (1,5) (1,4) (1,3)

The method above works even when 1 isn't in the cycle, though.

7)

Let σ = s1...sk be a product of k (>= 1) disjoint cycles of some length or other, s.t. |si| means the length of si.

Note that it is always possible to write σ as such a product of disjoint cycles.

RTP:

i) σ^lcm(|s1|,...,|sk|) = ι
ii) For any 0 < m < lcm(|s1|,...,|sk|), σm /= ι
i)

Every cycle has si^|si| = ι. Thus si^p|si| = ι for any integer p, i.e. si^<any multiple of |si|> = ι
Since the cycles are disjoint, they commute and we can write:

σ^lcm(|s1|,...,|sk|) = s1^lcm|s1|,...,|sk|) ... sk^lcm(|s1|,...,|sk|)

Now clearly lcm(|s1|,...,|sk|) is a multiple of |si| for 1 <= i <= k. So for all i:

si^lcm(|s1|,...,|sk|) = ι
So σ^lcm(|s1|,...,|sk|) = ι ... ι = ι
ii)

si^<anything not a multiple of |si|> /= ι
For any 0 < m < lcm(|s1|,...,|sk|) (i s.t. m is not a multiple of |si|, by definition of the lcm. So for all i s.t. that's the case,

we have (si)m /= ι. Further, since the cycles are disjoint, we can't have (sj)m /= ι, (sk)m /= ι, (sj sk)m = ι. So there is no

m less than the lcm s.t. σm = ι, and hence the order of the permutation is the lcm.

---

{Thanks to Eddie for how to do this last bit}

The greatest order of an element of Sn is going to be the order of an element with a cycle structure which maximises the lcm. This is going to be one where the lengths of the cycles are relatively prime. Define (because it saves typing too much) G(n) := the greatest order of an element of Sn, then:
G(1) = 1
G(2) = 2
G(3) = 3

G(4) = 3
G(5) = 6 (2*3)

G(6) = 6
G(7) = 10 (2*5)
G(8) = 15 (3*5)
G(9) = 15 (note that 2*7 < 3*5)
G(10) = 30 (2*3*5, note that 3*7 isn’t as big)
