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Suppose that we have discrete data {U;} defined on an infinite grid x; = jAz, j = 0,£1,£2,.. .
Let 0 and u be the discrete differentiation and smoothing operators defined by

(6U); = (Ujy1 — Uj1)/(2A%),  (pU); = (Ujpa + Uj—1) /2.

1. Determine the functions 6U, 6V, pU, pV for U = (...,1,-1,1,—-1,1,—1,1,...)and V =
(...,1,0,-1,0,1,0,—1,0,...).

Answer

We note that Vj - U;; = Uj_y, since either U;; = U;—1 = 1 or Uj; = U;—; = —1. Thus
(0U); = 0. Furthermore, (uU); = (Ujp1 + Uj—1)/2 =2U;41/2 = Ujq (= Uj_4).

We further note that Vj-V;_y = —Vj4q. Thus (6V); = (V;11—Vi_1)/(2Ax) = 2V}, /(2Az) =
Vj41/Az. Furthermore, (11V'); = (Vi3 + Vj-1)/2 = 0.

2. Determine what effect § and 1 have on the function U defined by U; = evri § =0,41,+2,...,
where k is a real constant (the wave number).

Answer

We calculate as follows:
(0U); = (Ujs1 —Uj1)/(2Ax)
— (eikxj+1 _ e’ik‘xj,1>/(2A‘r)
— (eik(ijrAx) _ ezk(xijx))/(QAl.)

_ (ez‘kxj (ez‘kAa: _ €_ikAx))/(2AZL’)

eikAx o e—ikAa:
= U ( 2Az )

sinhtkAx
e

isin kAx
- b (T)



We now calculate the effect of p:

(WU); = (Ujpr +Uj-1)/2
— (eik$j+1 _'_ eik:ﬂj_l)/Q
_ (eik’(a:j-i—Aa:) + eik(xj—Aa:))/z

— (6ikxj (eikAx + efikAa:))/2

eikAm 4 e—ikA:s
= Uj #

= UjcoshikAzx

= UjcoskAx

3. The semidiscrete Fourier transform of a function U defined on the infinite grid z; = jAux,
j=0,£1,£2,..,is the function k — U(k), k € [—n/Az, m/Az|, defined by

Uk) = Az Z e~ R,

j=—o0

[The reason for the restriction on k is that the wave numbers |k| > 7/Ax are not resolvable on
a grid of spacing Ax; this is the phenomenon of aliasing.]

Show that the inverse of the semidiscrete Fourier transform is given by the formula

1 w/Ax o .
Uj=— eI (k) di.
27 —7/Az

Describe the relationship between U (k), and sU (k) and uU (k). [Note that this is a restatement
of Question 2.]

The ratios 5U / U and @ / U are referred to as Fourier multipliers. Sketch the graphs of these
Fourier multipliers as functions of k € [—n/Ax, n/Ax].

One would think that applying . repeatedly to U should lead to a function that is much smoother

than U. Explain this effect by considering a sketch of the multiplier function W / U for
m > 1. Your analysis should reveal that taking successive powers of x is not a perfect smooth-
ing procedure. Explain.



Answer

The most obvious way to go about showing that this is the inverse is just to plug one equation
into the other and try and work the whole thing through. Accordingly, we plug the definition of

A

U (k) into the equation giving U; and show that it does indeed work out to give U, as the result:

1 /b ikjAx A i —ikx U dk
— e x e "y
27 —7/Ax M——00
U(k)
n/Az [ o0
_ % Z eiijme—ikmAa:Um dk
27 —7/Az | m=—o0
n/Az [ o0
_ & Z eik:AJ:(j—m)Um dk
27 —7/Ax | m=—o0
o 7w/ Az
_ g Z Um/ eikAx(j—m) dk
27 M——00 —7/Ax
T o _Z iAz(j —m) [e L’T/Ar

‘ Un, [6ikAx(j—m)] i/ﬂA/zx)

= i (Um [ei(W/Ax)Ax(j*m) _ei(Tr/AZ)Az(jm)})

(- U - -
- m in(j—m) —im(j—m)
2m‘mz_:oo j—m[e ‘ D
o0 Um eiTr(jfm) . efiﬂ(jfm)
- Y (ol )
_ f: (Um |:SiH7T.(j — m)})
= m(j —m)



This is looking vaguely promising. We note by Taylor expansion! that (sin z)/z is:

In particular, this implies that when m = j, i.e. when 7(j — m) = 0, the coefficient of U; is 1
(as we’d expect). It remains to show that the other coefficients are zero. Well, suppose m # 7,
then (sinmw(j — m))/(n(j — m)) = 0/(w(j —m)) = 0, since j — m is integral (and hence
7(j —m) is some multiple of 7, whose sine is certainly 0) and j —m # 0 so there’s no problem
dividing by it. In conclusion, therefore, our final equation above is equal to U; and this implies
that the formula we were given for the inverse was the right one.

Hekek

Now let’s look at gﬁ(k:) and @(k) The first of these is given by:

5U (k)

oo

= Az Z e~ (§U)

j=—00

o0

= Az Y e ™i(Ujn —Uja)/(2A7)

j=—oc

1 - —tkjAx
T2 <LZ e MU

00
E : —ikjAx
— e Uj,1
e

)

oo
. e—zkAa: [§ e—zk(]—l)AxUj_l

]

N | —

[ oo
(ezkAm E : e—zk(]+1)AmUj+1

[j=—cc

)

DO | —

[ oo
ezk’Aaz 2 e—zijxUj

[j=—o00

00
o 6—zk’Ax E e—zk]AxUj

=—00

E e—zijxUj

j=—00

eikA$ _ e—ikAz e
2 )

<€ikAx - e—ikAm) 0

—ikjAx
AL Az Z e "Ry,

j=—o00
isin kAz\ ~
- () a

A similar (and thus probably repetitive) argument will doubtless show that:

A~

/I(\](k) = U(k) cos kAx

"Well, by looking at the Taylor expansion of sin z in my P6 book and dividing through by z, at any rate...
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The relationships between U (k), sU (k) and uU (k) are thus the same as the relationships in the
previous question, as suggested.

Hskosk

We note that
—~ ~ 1sinkAz
5 _ v
U/Uu Ar
and that
uU JU = cos kA

Sketching the second simply gives us a cosine curve in the range [—, 7|, which looks like:

08+

06

0.4r

0.2k

02r

0.4 F

06

0.8

The first is more interesting, because the function isn’t real-valued. Furthermore, it depends on
the value of Az, which we don’t know. To avoid these problems entirely, we’ll just assume that
a number n on the vertical axis represents ni/Ax. Then our second sketch is just a sine curve
in the range [—, 7], which looks like:




‘We observe that:

/7”7]/[7 = cos™ kAx

If we sketch this for an odd value of m, we get (using m = 10 as an example):

Thus taking successive powers of p is not a perfect smoothing procedure.



4. The {5(—00, 00) norm of U and the Ly(—n/Ax, w/Az) norm of U are defined, respectively, by

o 1/2 w/Az 1/2
1Ulle, = (Aﬂ? > \U]F) v U, = (/ U (k)| dk) :

j=—00 —7/Azx

Prove Parseval’s identity:

1 A
1Ulle. = EHUHLQ-
Answer
We start by observing that:
I}(k) = Ax Z e~k U = Ax Z el
j=—00 j=—00

This follows from the fact that ¢®® = cos@ + isinf = cos — isinf = e, Now, we want to
show that:

1Ulle, = U]z,

1
\ 2T |
It suffices to show instead that

1 -
VI, = 5= 1012,

since obviously the norms must be positive. Consider, therefore, the following:

R T/Az
o2, = / TP di
—7/Ax

/A -
= / U(k)U(k) dk  since aa = |a|? is an identity

—7/Ax
7w/ Az 00 ' 00 ' _
= / Az Z e_lkijj Ax Z eFrmr | dk
—7/Ax j=—00 m=—oo
0o 00 /A

-3 S e, [ e

j=—00m=—00 —r/Ax

o o 7w/ Az

= > ) (A)’UU, / eFArm=i)

j=—00 m=—00 —r/Ax



Suppose that m = j. Then the integral becomes:

w/Ax
/ 1 dk =2n/Ax

—7/Ax
Now suppose that m # j. Then we evaluate the integral to obtain:

eikAz(m—j) m/Ax
=]

iAx(m — n/An

Since m # j, the denominator of the fraction is non-zero and the numerator is zero. To see the
latter, consider that:

ei(ﬂ'/Am)Az(mfj) . ei(fﬂ/Ax)Ax(mfj)

_ eiﬂ(m—j) _ e—iw(m—j)
2isinm(m — j) by the usual identity
= 0 since sin cm = 0 for integral ¢

So continuing with our original proof, we have that:
0, ifm#j
W= 3 3 @t g 2
Jj=—00 Mm=—00

From here it’s obvious that

U7, =2rAz Y U;0; =270z Y |U;)* = 2#|U7,

j:—oo ]Z—OO

and our result trivially follows.



5. In the lectures we considered the simplest finite difference approximation of the heat equation
Up = Ugy, given by

grtt—pgn yUn, — UM+ U
J J J+1 J Jj—1 . _
= =...,—2,—-1,0,1,2,...; =0,1,2,....
:t (2:[’)2 ) j ) 7 7 ) ) Y ) n ) ) 7

What would the analogous difference approximation be based on values of U at just every other
point in the x direction, i.e. U}, ,, U and U} ,? Now suppose that you create a new difference
approximation from these two schemes by adding 1/2 of the first difference approximation to
1/2 of the second difference approximation. Using Fourier analysis, explore how large At can
be in relation to Az if this last scheme is to be stable in the ¢5(—o00, 00) norm.

Answer

We derive this using (the by now ubiquitous process of) Taylor series expansion. (Actually this
is unnecessary since there’s a far easier way, as we’ll see in a minute, but we’ll do it this way
for completeness.) We observe that:

(T2, tm) + u(Tj2,tm)

= u(x; + 2Ax,t,) + u(z; — 2Ax,t,,)

ou 2Ax)? 0%u
W@y, ty) + (2A7)—(xj, ty) + ( 5 ) @(xj,tm)} +

Q

ox

ou —2Ax)? 0%u
ol t) + (280 5wyt + 20T 1)

2
,0%u

= 2u(z;,tn) + (2Ax) 52

(xjv tm)

Thus:

0%u w(Tjso, tm) — 2u(zj, ty) + u(xj_2, tm)

g2 Lirtm) ~ (2A7)?

This is entirely unsurprising, since it’s like the original formula but with Ax replaced with 2Ax.
We end up with:

n+1 n n n n
Ut = Uy Upy =207 + U
At (2A1)?

From this we create our new difference approximation:

urtt —ur Ury =200+ UM, Ur,—20r+UP,

At 2(Ax)? 2(2Ax)?

Uty + AUT,, — 1007 44U, + UT,
2(2Ax)?
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Writing this in matrix notation (for no reason in particular, except perhaps legibility), this
becomes:

urtt —ur 1 Ui
! L= 14 -1041]| U

At 8(Ax)? [

Hokek

We now want to explore the stability of this scheme, in particular the range of At in relation to
Az such that:

U le, < 10°lep, m=1,....M

Well, as per the notes on the stability of the explicit Euler scheme, we start by inserting

1 w/Ax

U

J

- — ekt (k) dk
27 —7/Ax

into the scheme. This gives us:

LA an U ) = 07 Gh)

— dk
2 —n/Ax At

w/Ax 2ikAx ikAr —ikAx —2ikAx
1 gikita © +4e 10 + 4e +e U"(k:) e
2w —7/Ax 8(ACE>2

Now, by the injectivity of the inverse Fourier transform, F'~*, we have that:

UnJrl(k) _ U‘n(k) B 62ikA:v + 46ikAm — 10+ 4€7ikAx + 672ikAx Un(k)
At B 8(Ax)?

Writing p = 8@—;)2, we have that:

UnJrl(k) _ Un(]{?) + M(emkAx + 4€ikAx — 10+ 4efikAac + 672ikA:p) Un(k)

In other words,

where
Ak)=1+ M(emm 4 46T 10 4 4ok 4 efQikAa:)

is the amplication factor.
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Now, as per the notes, by Parseval’s identity we have that:

U™ e, = U™,

1
\/—27”
—= A0,
< ——max AR 07,

V2or k
= max |A(K)| [U"]|e,
We’re trying to ensure that
10" e, < NU™ley, n=0,1,...,M =1,
so we demand that
m]?X|)\(k)| <1.
This gives us:
rnkaX]l +u(62ikAx 1 46T 10 4 4o kAT +672ikAm)| < 1

< max |1 4 p(cos 2kAx + isin 2kAx + 4(cos KAz + isin kAx) — 10

+ 4(cos kAx — isin kAz) 4 cos 2kAx — isin2kAz)| < 1

& max |1+ (2 cos2kAz + 8coskAz — 10)| < 1

& 1rn]§nx|1—|—2,u(2cos2 kAz —1+4coskAx —5)] < 1

& max |1+ 4p(cos® kAx +2coskAxr —3)| < 1

= max |1+ 4p(cos kAx + 3)(coskAx —1)] < 1
So:

—1 <1+ 4p(coskAzx + 3)(coskAz — 1) <1 Vk € [-n/Az,m/Ax]
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This gives us two conditions, namely

4p(cos kAx 4 3)(cos kAz — 1) <0
and
2 + 4p(cos KAz + 3)(cos kAx — 1) > 0.

Well, the first condition can be simplified by observing that 4(cos kAx + 3) is strictly pos-
itive (and can thus be divided by without even changing the sign of the inequality), since
cos KAz > —1, whence:

p(coskAx —1) <0

Since p = S(ﬁ—i)?, we know it must be > 0, so

coskArz —1 <0< coskAzx < 1.

This was obvious anyway (cos of anything is < 1), so this condition didn’t tell us anything
which wasn’t already clear. The other condition is more interesting:

1
p(cos kAx + 3)(cos kAx — 1) > ~3

Now cos kAz — 1 varies between —2 and 0, in other words it’s < 0 and smallest when it’s —2.
Let’s divide by that, therefore, to get:

p(cos kAx + 3) <

A~ =

Furthermore, cos kAx + 3 > 0, so we obtain:

1
4(cos kAx + 3)

<

The right-hand side takes its smallest value when its denominator is maximised, i.e. when
cos kAx = 1. At that point, the value of the whole right-hand side is %, so our conclusion is
therefore that p < %. This means that:

At 1
<
8(Az)2 ~ 16

Or in other words:

At < —(Az)?

N —
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