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1. Verify that the following functions satisfy a Lipschitz condition with respect to y, uniformly in
x, on the respective intervals:

@ f(z,y) =2ya~" 2 € [L,00),y €R;
(b) f(z,y) = e tanty, z € [1,00), y € R;
© flr,y) =2y(1+y*>) (1 +e ),z eR,yeR,
Answer
(a) Let R = {(z,y) € R? : 1 < z < oo}. We are required to show that

(b)

3L >0 - V(l',yl), (-T,QQ) €ER - ’f(mayl) - f($7y2)| < L |yl - y2|

This requirement becomes
AL >0 - Y(z,y1), (z,92) € R - ]2y1x_4 - 2y21‘_4! < Ly — vl
and then
3L >0 - Y(z,y1), (x,52) €R - 227 (1 — wo)| < L|y1 — o

Now for any a, b, we have that |ab| = |al|b|, so [227* (y1 — 2)| = 2274 |y1 — ya|.
Thus, provided y; # 2, we only have to find an L s.t. for any value of x € [1, 00),
L > [227% = 2z7%, the last equality following since z is positive (if y; = o, the
condition is trivially satisfied as 0 < 0 : any value of L will work). Well, 2z~ is at its
largest in the range [1, 00) when x = 1, so if we choose any L > 2 then the condition will
be satisfied.

Let R be as in the previous part. We are required to show that
3L >0 - Y(z,p), (x,0) € R - e (tan~" g1 — tan~" ) | < Llys — sl

In other words, provided y; # o (if y; = y» then any value of L will work, as in the
previous part), we need to show that

|e’x2|| tan"!y; — tan! |

EIL>O ’ V<$)y1)7 (%?JQ) GR : LZ
]

Now we saw in the lecture notes that | tan™! y; — tan™! y| < |y; — 32|, s0 we know that

So given that that fraction will be at most 1, it suffices to find an L s.t. for any value
of z € [1,00), L > |e | = e*". Since e~ has its greatest value when = = 1, any
L > e~ 1 will do.



(c) Let R = R?. We are required to show that

AL >0 - Y(z,y), (x,y2) € R - ‘2 (1+ eilxl) (1 _iy_lyz 7 izyQ)‘ < Lly1 — 12|
1 2

In other words, we must show that

Y1 Yo

3L >0 - Y(z,p), (z,p2) € R - 2|1 + eI - < Lly; —
Now, we observe that
Y1 Y2

_ < _

‘1+y% 1+y3 <l el
To show this, assume w.l.0.g. that 1 + y? > 1 + y2, then

n Y2 Y1 — Y2 ’yl - yQ‘

'1+y% L+ys| ~ | 1+t 1+ <l el

So we only have to find an L s.t. for any valueof x € R, L > 2 |1 + el } The right-hand
side assumes its greatest value when = = 0, so we can choose any L > 2|1 +e7°| = 4.

2. Suppose that m is a fixed positive integer. Show that the initial value problem
y' =y, y(0) =0

has infinitely many continuously differentiable solutions. Why does this not contradict Picard’s
Theorem?

Answer

This is the general case of the one we saw in lectures. Clearly y = 0 is one solution. We can
find another solution by separation of variables:

Ay omj@ms1)
dr 4

y x
/ y72m/(2m+1)dy — / dr
0 0

[(2m + 1)y ] [ = [aff

(2m 4 1)y1/(2m+1) =

T 2m—+1
\2m+1




As was shown in the lectures, we can also get infinitely many other solutions by combining the
two:

0 0<z<ec

ye(z) = ( r—c )2m+1 . Ve > 0

<zr<oo
2m+1 -

So the i.v.p. has infinitely many solutions and they’re clearly all continuously differentiable, as
required.

This doesn’t contradict Picard’s Theorem because f(z,y) = y*™/(®™*+1) doesn’t meet the Lip-

schitz condition required for Picard’s Theorem to apply. We will show this, as per the lecture
notes, as follows:

For some h > 0 and k& > 0, let
R={(z,y) e R*: [z < h,|y| < k}

Then f(z,y) = y?™/@m™+Y) violates the Lipschitz condition in R for any A > 0 and k > 0.
Indeed, for any L > 0, there exists y, 0 < |y| < (1/L)*™ "1, s.t.

f(z,y) — f(z,0)| = [y*™/ ™ D] > Ly

We thus conclude that f(z,y) = y>™/ ™1 violates the Lipschitz condition in a neighbourhood
R of (0,0) for any choice of » > 0 and k > 0.



3. Van der Pol’s equation

y' —e(l—y)y +y=0

subject to the initial conditions y(a) = A; and y'(a) = As, where A; and A, are given real
numbers, and € > 0 a parameter, models electrical circuits connected with electronic oscilla-
tors. Rewrite the equation as a coupled system of two first-order differential equations with
appropriate initial conditions. Formulate Euler’s method for this system, when ¢ = 1, a = 0,
A; =1/2and Ay = 1/2, on the interval [0, 1] using a mesh of uniform spacing . Compute the
Euler approximations to y(x) and /() at the point z = h.

Answer

Letting z = ¢/, whence 2z’ =, we obtain the first-order coupled system

y =z
Y =e(l—y*)z—y

where the initial conditions are y(a) = A; and z(a) = A,.

Letting Y (x) = < y(z) ) we formulate Euler’s method as follows:

z(z)
Y1 =Y, + hf(z,,Y,)

n

In this we note that if we write Y,, = ( y
2

> , the above definitions give us that:

f2a, Y,) =Y, = ( . Y2 )

1—y)ys — 1

() - (3)

Plugging in the values we’re given, we have:

el

Y1 + hya Y1
Y, 1= h =Y,
o ( Y2 + h((1 —y%)yz — Y1) ) whete ( Y2 )

To compute the approximations to y(x) and y'(x) at = = h, we simply have to evaluate Y7:

Y= ( Lt Mff?ﬁl i 3) )

Soy(h) ~ (1 + h)and y/(h) =

We take as the initial condition:

DN | DD [ =
N—

And:

N[

ool



4. Consider the initial value problem

y' =loglog(4 +y*), z € [0,1], y(0) = 1,

and the sequence (yn)ivzo, N > 1, generated by the explicit Euler method

Yni1 :yn—{—hloglog(él—l—yi), n=0,....,.N—1, yo=1,

using the mesh points x,, = nh, n = 0,..., N, with spacing h = 1/N. Here log denotes the
logarithm with base e.

(a) Let T,, denote the truncation error of Euler’s method at x = x,, for this initial value
problem. Show that |7},| < h/(4e).

(b) Verify that
lY(Tni1) — Yns1| < (1 4+ RL) ly(zn) —yu| + |1, n=0,...,N — 1,

where L = 1/(2log4).
(c) Find a positive integer Ny, as small as possible, such that
max |y(xn) - yn| < 10_4

0<n<N

whenever N > N,.

Answer

(a) We observe from the notes that:

1
Tn - ihy/,<Cn)> Cn € [xmxn-f-l]

Thus:
1 1!
|Tn| = §h’y (Cn) ) Cn € [xnaxn—&-l]
It therefore suffices to show that |y (¢,)| < |5, since then |T,| < ‘%hﬂ = 4—’16 as
required.

To do this, we first need to work out what |y”| is:

| = Lo b o |les log(4 +¥°)| | 2y
log(4 4+ y?) 4+ y? log(4 + y?) 4 + 92
—t Y

Now, B has a maximum where y = 2, when it equals % = %

What about A? Well, consider differentiating loil% w.r.t. u to give:

logu - 5 - —loglogu- 4 1(1 —loglogu)
(log u)? (logu)?




(b)

(c)

Equating this to zero to find the turning points, we observe that it is zero if and only if
1 —loglogu = 0, i.e. iff u = €°. So A attains its greatest value when 4 + y? = e°. This
greatest value turns out to be %, which is just what we need.

We finish the proof by observing that:

1
1y"(¢n)] < max|y”| = AB = %

From the definitions of y(z,+1) and y,.; (see the bit in the notes on using the truncation
error to bound the global error), we calculate that:

|Y(2n11) = Yn4a]
< Ny(zn) — yn + h[Ly(xn) — yu| + 10| {by the Lipschitz condition}

—
—_
+
=

L)

y(n) = ynl + h|T|

We have thus derived the inequality in the question; it remains to show that the constant
L in this case is 1/(2log4). In other words, we must determine the Lipschitz constant for
the function f(z,y) = loglog(4 + y?). Rather than using the method I used in Question
1, I’ll do it the proper way this time. We note that:

ofay) 1%y
oy log(4+y?) 4+ 1y
M—/ j’d

A/ !

Now B’ < 3, as in part (a), and A" < o, s0 L = A'B’ = 1/(2log4) works as a

Lipschitz constant here.

For brevity of notation, we define:
def
E, = |y(zn) — yal
So from (b) we observe that:
Eni1 < (1+hL)E, + h|T,|

Noting that Ey = |y(x¢) — yo| = |1 — 1| = 0, we can proceed to inductively find a bound
for F,,:



Ey < (1+hL)Ey+ h|T1| = (1 + hL)h|Ty| + h|T1]
Es < (14 hL)Es+ h|Ty| = (1 + hL)*h|Ty| + (1 + hL)h|T1| + h|T3|
E;, < (1+hL)*h|To| + (1 + RL)?h|Ty| + (1 + hL)h|Ty| + h|T3|
E, < h[Xr,(1+hL)" T
n—1 i
< h Ogrilgi(_l |Tk|> [Zi:o (1+nL) ]
Tvas
_ (1+hL)"—1
M 1+ hL) -1
Tmax
= -7 [(1+hL)" —1]
Toae | (= (L)
< ~— | -1
< 5= |(S4)
T,
— mazx [enhL i 1]
_ Tmaa: [e(mn_o)L . 1]
L
T,
= 7‘2&% [ewnL - 1:|

This is starting to look quite promising. We use our results from (a) and (b) and the fact
that z,, € [0, 1] (and thus z,, < 1) to observe that:

< 2log4

E,
4e

[e!/(1o84) 1] x h = 0.1107429961h

This is true for all n = 0,1,..., N, so if we now simply require that £,, < 10~%, we will
obtain our answer:

0.1107429961h < 107*

1
& 0.1107429961 <N> < 1074
& N > 1107.429961
& N > 1108 = N,



