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Sheet 3
1)

a)

1
P(x) ^ Q(y)

premise

2
P(x)


^ e 1

3
R(y)


assumption

4
P(x)


2

5
R(y) -> P(x)

-> i 3-4

b)

1
(S(x) ^ P(x)) v T(y)
premise

2
S(x) ^ P(x)

assumption

3
S(x)


^ e 2

4
S(x) v T(y)

v i 3

5
T(y)


assumption

6
S(x) v T(y)

v i 5

7
S(x) v T(y)

v e 1, 2-4, 5-6

2)

a)

1
φ -> ψ


premise

2
φ v (θ ^ γ)

premise

3
φ


assumption

4
ψ


-> e 1,3

5
ψ v θ


v i 4

6
θ ^ γ


assumption

7
θ


^ e 6

8
ψ v θ


v i 7

9
ψ v θ


v e 2, 3-5, 6-8

b)

1
(φ -> ψ) ^ (ψ -> φ)
premise

2
φ -> ψ


^ e 1

3
ψ -> φ


^ e 1

12
(φ v ψ) -> (φ ^ ψ)
-> i 4-11

c)

1
(φ ^ ψ) -> θ

premise

2
ψ ^ ¬θ


premise

3
ψ


^ e 2

4
¬θ


^ e 2

5
φ


assumption

6
φ ^ ψ


^ i 3,4

7
θ


-> e 1,6

8



¬e 4,7

9
¬φ


¬ i 5-8

d)

1
ψ


premise

2
φ v ¬φ


"LEM" (lectures)

3
φ


assumption

4
φ ^ ψ


^ i 1,3

5
(φ ^ ψ) v (¬φ ^ ψ)
v i 4

6
¬φ


assumption

7
¬φ ^ ψ


^ i 1,6

8
(φ ^ ψ) v (¬φ ^ ψ)
v i 7

9
(φ ^ ψ) v (¬φ ^ ψ)
v e 2, 3-5, 6-8

e)

1
φ v ¬φ



“LEM” (lectures)

13
¬φ



assumption
14
¬φ v ψ



v i 13

15
φ -> ψ



equivalent to 14 (lectures)

16
(φ -> ψ) v (ψ -> θ)

v i 15

17
(φ -> ψ) v (ψ -> θ)

v e 1, 2-12, 13-16
Actually, with the benefit of hindsight, this can be vastly simplified:

1
ψ v ¬ψ



“LEM” (lectures)

2
ψ



assumption

3
¬φ v ψ



v i 2

4
φ -> ψ



equivalent to 3 (lectures)

5
(φ -> ψ) v (ψ -> θ)

v i 4

6
¬ψ



assumption

7
¬ψ v θ



v i 6

8
ψ -> θ



equivalent to 7 (lectures)

9
(φ -> ψ) v (ψ -> θ)

v i 8

10
(φ -> ψ) v (ψ -> θ)

v e 1, 2-5, 6-9

f)

1
φ ^ ψ


premise

2
φ


^ e 1

3
ψ


^ e 1

10
¬(¬φ v ¬ψ)

¬ i 4-9

3)

a)

1
x P(x)

premise

2 x0

3
P(x0)


 e 1

4
y P(y)

 i 3

b)

1
x (P(x) -> Q(x))

premise

8
x P(x) -> x Q(x)

-> i 2-7

c)

1
x (P(x) -> Q(x))

premise


11
(x ¬Q(x)) -> (x ¬P(x))
-> i 2-10

d)

1
x (P(x) ^ Q(x))

premise

2 x0

3
P(x0) ^ Q(x0)


 e 1

4
P(x0)



^ e 3

5
x P(x)


 i 4

6 x0

7
P(x0) ^ Q(x0)


 e 1

8
Q(x0)



^ e 7

9
x Q(x)


 i 8

10
x P(x) ^ x Q(x)

^ i 5,9

e)

1
xy P(x,y)


premise


7
yx P(x,y)


 e 1, 2-6

f)

1
¬x ¬P(x)


premise

2
x (P(x) v ¬P(x))

"LEM" (lectures)

10
x P(x)


 i 9

4)

a)


1
Q(a)



premise

6
x (x = a -> Q(x))

 i 5

b)

1
x P(x,x,x)




premise

2
xyz (P(x,y,z) -> P(f(x),y,f(z)))

premise

3 x0

4
P(x0,x0,x0)




 e 1

5
yz (P(x0,y,z) -> P(f(x0),y,f(z)))

 e 2

6
z (P(x0,x0,z) -> P(f(x0),x0,f(z)))

 e 5

7
P(x0,x0,x0) -> P(f(x0),x0,f(x0))

 e 6

8
P(f(x0),x0,f(x0))



-> e 4,7

9
x P(f(x),x,f(x))



 i 8

10
P(f(a),a,f(a))




 e 9

5)

a)

No, the proof is incorrect. The error is in the  introduction rule at line 6, since we made an assumption at line 2. The sequent itself

is clearly nonsense, so it's just as well that the proof is incorrect (or we'd be suspicious of the soundness proof for natural deduction)! Just

because there is some x satisfying P(x) ^ Q(x) doesn't mean that that's going to be the case for every x.

b)

No, this one's wrong as well. We haven't suddenly gained a cunning new  introduction rule just because this is part (b)! So this one's

just as flawed as the previous one. The sequent in this case is actually valid in our system of natural deduction. The proof goes as follows:

1
x (P(x) ^ ¬P(x))


premise

2 x0
P(x0) ^ ¬P(x0)



assumption

3
P(x0)




^ e 2

4
¬P(x0)




^ e 2

5





¬ e 3,4

6
y (¬P(y) ^ P(y))


 e 5

7
y (¬P(y) ^ P(y))


 e 1,2-6
4	φ v ψ			assumption


5	φ			assumption


6	ψ			-> e 2,5


7	φ ^ ψ			^ i 5,6





8	ψ			assumption


9	φ			-> e 3,8


10	φ ^ ψ			^ i 8,9


11	φ ^ ψ			v e 4, 5-7, 8-10





2	φ				assumption


3	ψ v ¬ψ				“LEM” (lectures)


4	¬ψ				assumption


5	¬ψ v θ				v i 4


6	ψ -> θ				equivalent to 5 (lectures)


7	(φ -> ψ) v (ψ -> θ)		v i 6





8	ψ				assumption


9	¬φ v ψ				v i 8


10	φ -> ψ				equivalent to 9 (lectures)


11	(φ -> ψ) v (ψ -> θ)		v i 10


12	(φ -> ψ) v (ψ -> θ)		v e 3, 4-7, 8-11





4	¬φ v ¬ψ		assumption


5	¬φ			assumption


6				¬ e 2,5





7	¬ψ			assumption


8				¬ e 3,7


9				v e 4, 5-6, 7-8





2	x P(x)			assumption


3 x0


4	P(x0)				 e 2


5	P(x0) -> Q(x0)		 e 1


6	Q(x0)				-> e 4,5


7	x Q(x)			 i 6





2	x ¬Q(x)			assumption


3 x0


4	¬Q(x0)				 e 2


__________________________________________________________________________________________________________________


5	P(x0)				assumption


6	P(x0) -> Q(x0)		 e 1


7	Q(x0)				-> e 5,6


8					¬ e 4,7______________________________________________________________________________


9	¬P(x0)				¬ i 5-8


10	x ¬P(x)			 i 9





2 x0	y P(x0,y)			assumption


3 y0


4	P(x0,y0)			 e 2


5	x P(x,y0)			 i 4


6	yx P(x,y)			 i 5





3 x0


4	P(x0) v ¬P(x0)		 e 2


5	¬P(x0)				assumption


6	x ¬P(x)			 i 5


7					¬ e 1,6


8	P(x0)				 e 7


9	P(x0)				v e 4, 5-8





2 x0


3	x0 = a				assumption


4	Q(x0)				= e 1,3


5	x0 = a -> Q(x0)		-> i 3-4








