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FAO: Dr. G. Jones

Logic and Proof

Homework 2
1)

i)

a) xyz (x < y ^ z < y ^ x < z -> z < x)

False, if x < z then clearly it is not true that z < x.

b) ...

ii)

a) If P(x,y) then y = 2x

xyz (y = 2x ^ y = 2z ^ z = 2x -> x = 2z)

...

2)

a)

i) Reflexive and symmetric, but not transitive:

The model M having as domain the set {a,b,c} and with

PM = {(a,a),(b,b),(c,c),(a,c),(b,c),(c,a),(c,b)}

This is clearly reflexive and symmetric, but it is not transitive, as we don't have (a,b) just because we have (a,c) and (c,b).
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ii) Reflexive and transitive, but not symmetric

The model M' having as domain the set {a,b,c} and with

PM' = {(a,a),(b,b),(c,c),(a,b),(b,c),(a,c)}

This is not symmetric, since we don't have (b,a) just because we have (a,b).

iii) Symmetric and transitive, but not reflexive

The model M'' having as domain the set {a,b,c} and with

PM'' = {(a,a),(a,b),(b,a),(b,b)}

This is not reflexive, since we don't have (c,c), but it is definitely symmetric and transitive.

b)

No, the claim no longer holds. φ is now entailed by φ2, φ3 and φ4.

We aim to show:

φ2,φ3,φ4 |= φ
1
x (P(x,y) -> P(y,x))



premise

2
xyz (P(x,y) ^ P(y,z) -> P(x,z))

premise

3
xy P(x,y)




premise
14
x P(x,x)




x i 13

but this is φ, thus φ is semantically entailed by φ2, φ3 and φ4.

3)

a)

1
xy P(x,y)

premise

7
yx P(x,y)

x e 1, 2-6

b)

Let M be a model with the set of natural numbers as its domain, and let PM = {(x,y) : x > y}

Now it is certainly true that for every y ( N there exists an x such that x > y. Take, for example, x = y + 1 ( N.

On the other hand, it isn't true that there is some natural number which is bigger than every natural number. The proof of this is trivial, since

if we take x as the natural number which is bigger than all natural numbers, then we would have x > x. This is a contradiction, so there is no

natural number which is larger than every natural number.

Thus M |= yx P(x,y), but ¬(M |= xy P(x,y)). So the converse entailment does not hold.

4)

1 
x P(x)




premise

2 
y Q(y)




premise

3 x0
Q(x0)





assumption

4
P(x0)





x e 1

5
P(x0) ^ Q(x0)




^i 4,3

6
x (P(x) ^ Q(x))



x i 5

7
x (P(x) ^ Q(x))



y e 2, 3-6

5)

a)

1
x (P(x) ^ Q(x))



premise

2 x0
P(x0) ^ Q(x0)




assumption

3
P(x0)





^e 2

4
Q(x0)





^e 2

5
x P(x)




x i 3

6
x Q(x)




x i 4

7
x P(x) ^ x Q(x)



^i 5,6

8
x P(x) ^ x Q(x)



x e 1, 2-7

b)

No.

Consider the model with domain {a,b} and let PM = {a}, QM = {b}.

Then x P(x) ^ x Q(x), since P(a) ^ Q(b), but it is not true either that P(a) ^ Q(a) or that P(b) ^ Q(b).

6)

1
x = x.e






premise

2
y + e = e





premise

3
z x.(y+z) = x.y + x.z




premise

4
x.(y+e) = x.y + x.e




z e 3

5
x.e = x.y + x.e





2

6
x = x.y + x





1

7)

a)

No.

Consider a counter-example:

φ =: x = 1

ψ =: y (x2)y = y

Then φ entails ψ, since (x2)y = (12)y = 1y = y. But ¬φ does not entail ¬ψ, since ¬φ is true when x = -1, when ψ is true.

b)

Yes.

Suppose ¬ψ does not entail ¬φ. Then it is possible for ψ to be false and φ to be true. But if φ is true, then since φ entails ψ,

ψ is also true. This contradicts what we know about ψ being false. So ¬ψ must entail ¬φ.

c)

No.

Consider a counter-example:

φ =: x = 1

ψ =: x = 1

Then φ entails ψ (clearly), and also ¬φ entails ¬ψ.

d)

No.

Consider a counter-example:

φ =: x2 = 4

ψ =: x > 0

θ =: x = 2

Then (φ ^ ψ) entails θ, but φ does not entail θ (since x = -2 would do just as well) and ψ does not entail θ (since any

positive integer would do just as well).

8)

We’ll modify Proposition 0.3 from the lectures to make this a little simpler:

(φ is satisfiable iff ¬φ is not valid)

{Proposition 0.3}

-> (¬φ is satisfiable iff φ is not valid)
-> (¬φ is not satisfiable iff φ is valid)
So to prove φ is valid, we just have to show that ¬φ is not satisfiable.

a)

Valid:
φ =: y (x P(x) -> P(y))
¬φ =: y ¬(x P(x) -> P(y))

      <-> ¬(x P(x) -> y P(y))
      <-> ¬(x P(x) -> x P(x))

      <-> (
b)

Valid (to prove)

c)

Valid (to prove)

d)

Valid (to prove)

e)

Counter-example:

Take the model with the set of natural numbers as its domain, and let R be <

Then the formula reads:

x,y (x < y -> z (x < z ^ z < y))

Take x0 = 1, y0 = 2. Then x0 < y0, but ¬(z 1 < z ^ z < 2), i.e. there is no natural number between 1 and 2.

f)

Not sure
…

10)

a)

<=)


1
yx (P(x) v Q(y))

premise

7
xy (P(x) v Q(y))

y e 1, 2-6

=>)

1
xy (P(x) v Q(y))



premise

2 x0
3
y (P(x0) v Q(y))



x e 1

10
P(x0) v yx (P(x) v Q(y))


y e 3, 4-9
11
x P(x) v yx (P(x) v Q(y))


x i 10
12
x P(x)




assumption
13
yx P(x)




trivial, the model is non-empty by definition

14
y (x P(x) v Q(y))



v i 13
15
y (x (P(x) v Q(y)))



x does not appear in Q(y)

16
yx (P(x) v Q(y))



just removing redundant brackets

17
yx (P(x) v Q(y))



v e 11, 12-16
b)

=>)

1
¬x P(x)




premise
…

<=)

1
x ¬P(x)




premise
7
¬x P(x)

4 x0


5	y P(x0,y)					x e 3


6	y P(y,x0)					x e 1, 5


7	y (P(x0,y) ^ P(y,x0))				^i 5,6


8	yz (P(x0,y) ^ P(y,z) -> P(x0,z))		x e 2


9	zy (P(x0,y) ^ P(y,z) -> P(x0,z))		swapping the for all's changes nothing


10	y (P(x0,y) ^ P(y,x0) -> P(x0,x0))		z e 8


11 y0	P(x0,y0) ^ P(y0,x0)				assumption


12	P(x0,x0)					y e 10, 11


13	P(x0,x0)					y e 7, 12





2 x0	y P(x0,y)		assumption


3 y0


4	P(x0,y0)		y e 2


5	x P(x,y0)		x i 4


6	yx P(x,y)		y i 5





2 y0	x (P(x) v Q(y0))		assumption


3 x0


4	P(x0) v Q(y0)			x e 2


5	y (P(x0) v Q(y))		y i 4


6	xy (P(x) v Q(y))		x i 5





4 y0	P(x0) v Q(y0)					asssumption


5	Q(y0)						v e 4, assumption


6	x P(x) v Q(y0)				v i 5


7	x (P(x) v Q(y0))				x does not appear in Q(y0)


8	yx (P(x) v Q(y))				y i 7


9	P(x0) v yx (P(x) v Q(y))			4, 5-8





2 x0	¬P(x0)						assumption


3	x P(x)					assumption


4	P(x0)						x e 3


5	(						2, 4


6	¬x P(x)					¬i 3








