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1)

We can deduce the following things from the information given:

"Jane is Peter's mother" ^ "Everybody is taller than his/her mother" -> "Peter is taller than Jane"

"Mary is Ann's daughter" -> "Ann is Mary's mother"

"Ann is Mary's mother" ^ "Everybody is taller than his/her mother" -> "Mary is taller than Ann"

"Peter is Mary's father" ^ "Ann is Mary's mother" -> (at least in this model) "Peter and Ann are married"

"Peter and Ann are married" ^ "Jane is Peter's mother" -> "Jane is Ann's mother-in-law"

"Jane is Ann's mother-in-law" ^ "Everybody is taller than his/her mother-in-law" -> "Ann is taller than Jane"

"Mary is taller than Ann" ^ "Ann is taller than Jane" ^ "Taller than is transitive" -> "Mary is taller than Jane"

"Mary is taller than Jane" ^ "Mary is taller than Ann" -> "Mary is the tallest woman in the group"

"Mary is the tallest woman in the group" ^ "The tallest woman in the group is married to Sam" -> "Mary is married to Sam"

"Mary is married to Sam" ^ "All wives are taller than their husbands" -> "Mary is taller than Sam"

"Peter and Ann are married" ^ "All wives are taller than their husbands" -> "Ann is taller than Peter"

"Mary is married to Sam" ^ "Ann is Mary's mother" -> "Ann is Sam's mother-in-law"

"Ann is Sam's mother-in-law" ^ "Everybody is taller than his/her mother-in-law" -> "Sam is taller than Ann"

a) Mary > Sam > Ann > Peter > Jane

2)

a)

No. Consider: Equivalence relations are reflexive, symmetric and transitive; partial orders are reflexive, anti-symmetric and transitive. So if

every equivalence relation was a partial order, all equivalence relations would also be anti-symmetric. Thus we construct a counter-example of

an equivalence relation which is not anti-symmetric:

Define an equivalence relation ~ s.t.

m ~ n iff m = n (mod 5), i.e. m MOD 5 = n MOD 5

Then this is reflexive, since m MOD 5 = m MOD 5.

It is symmetric, since m MOD 5 = n MOD 5 => n MOD 5 = m MOD 5.

And it is transitive, since m MOD 5 = n MOD 5 ^ n MOD 5 = p MOD 5 => m MOD 5 = p MOD 5.

But it isn't anti-symmetric. Consider:

5 ~ 10

10 ~ 5

5 /= 10

Thus ~ is an equivalence relation, but not a partial order, and hence not all equivalence relations are partial orders.

b)

Again, no. We give <= over real numbers as an example of a partial order which is not an equivalence relation, since it is not symmetric.

3)

No. The obvious counter-example is rather a strange one, namely < over real numbers. Then if there were x and y s.t. x < y and y < x, it would

certainly be true that x = y (as it happens, there aren't, which is what makes the counter-example strange). So < is anti-symmetric, but not

reflexive, since it is not true that for every real x, x < x.

4)

a)

Yes, namely < over real numbers:

x < y ^ y < z => x < z (transitive)

There is no x s.t. x < x (anti-reflexive)

For any x there exists y = x + 1 s.t. x < y (serial)

b)

No. Suppose we have such a relation ~ and a finite set {a1,...an}. Since ~ is serial and irreflexive, a1 ~ ai (2 <= i <= n). We assume w.l.o.g.

that a1 ~ a2. Since ~ is serial and irreflexive, a2 ~ ai (i = 1 or 3 <= i <= n). But i /= 1, since if a1 ~ a2 and a2 ~ a1, then since ~ is

transitive we would have a1 ~ a1, which cannot be the case since ~ is irreflexive. So a2 ~ ai (3 <= i <= n). And in general, we have that

am ~ ai (m+1 <= i <= n). Now consider an. By what we have just asserted, an ~ ai (n + 1 <= i <= n). But clearly no such i exists! So we have

a contradiction, and the only important assumption we made was that the set was finite. Thus the set must be infinite, i.e. it is impossible to

give a finite model for such a relation.

5)

a)

<= (over natural numbers)

b)

xRy iff y = (2^m)x (m >= 0)

c)

2(2x + 1) + 1 = 4x + 3

2(4x + 3) + 1 = 8x + 7

2(8x + 7) + 1 = 16x + 15

etc.

xRy iff y = (2^m)x + (2^m - 1) (m >= 0)

Note that this makes R reflexive, since x = (2^0)x + (2^0 - 1) = 1x + (1 - 1) = x + 0 = x.

d)

xRy iff (y = x) | (y = x^(2m) [m > 0])

e)

xRy (for all x,y)

f)

xRy iff y = (2^m)(3^n)x (for some m,n >= 0)

g)

xRy iff y is a multiple of x

6)

a)

The two systems are not isomorphic. One reason is that P holds for only two of the states in the top system, but three in the bottom system. So

there is no way of just mapping from one set of states to the other such that the predicate P is respected.

b)

Yes, they are bisimilar (though it is far from immediately obvious that they are).

Call the states in the top system A1,...,A4, numbering clockwise from the top-left, and similarly B1,...,B4 for the bottom system. We have:

A1: P, a->A4,c->A1(P)

A2: P, b->A1(P)

A3: a->A2(P),b->A4

A4: a->A2(P),b->A3

B1: P, a->B3,c->B4(P)

B2: P, b->B1(P)

B3: a->B2(P),b->B3

B4: P, a->B3,c->B1(P)

Let X R Y mean X and Y receive the same name from a set C (which we can choose). If bisimilar:

A2 R B2 (both P, b transition to a P state)

A1 R B1 (the above transition must be to similarly-labelled states when we map them to new names)

A4 R B3 (both A1 and B1 have an a transition to a non-P state)

A1 R B4 (both A1 and B1 have a c transition to a P-state)

(A1 R B1) ^ (A1 R B4) -> B1 R B4

A3 R B3 (since A3 and B3 have an a transition to A2 and B2, respectively, which receive the same new name)

Let C = {1,2,3} and let S = {A1,...,A4}, S' = {B1,...,B4}. We define renS: S -> C and renS': S' -> C as follows:

renS(A1) = renS'(B1) = renS'(B4) = 1

renS(A2) = renS'(B2) = 2

renS(A3) = renS(A4) = renS'(B3) = 3

The required conditions have been checked in constructing the bisimulation relation.
