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FAO: Dr. G. Jones

Logic and Proof

Sheet 1 (continued)
7)

a)

Start by expressing it literally, and then refine it:

For all x such that x is a king (there exists a y such that x is married to y, y is a queen, and there exists a z such that z is the father of y

and z is a king)

Refined version:

Every king has a wife, who is a queen and who has a father who is a king.

b)

For all x such that x is a king (for all y such that x is married to y, y is a queen and there exists a z such that z is the father of y and z

is a king)

Refined version:

Every woman married to a king is a queen and has a father who is a king.

c)

For all x and y such that x is a queen and x is married to y (for all z there exists a w such that (z is the father of y implies that z is a king

and z is married to w and w is a queen))

Refined version:

Any father whose son is married to a queen is a king, and has a wife who is a queen.

8)

a)

Refine it in stages:

Only the brave know how to forgive

-> If a person knows how to forgive, they are brave

Define F(x) = "x knows how to forgive", B(x) = "x is brave"

Then:

(x (F(x) -> B(x))

b)

No man is an island

-> If you are a man, then you are not an island

Define M(x) = "x is a man", I(x) = "x is an island"

Then:

(x (M(x) -> ¬I(x))

c)

Every nation has the government it deserves

-> For every nation there exists a government, and the nation deserves that government

Define N(x) = "x is a nation", G(x) = "x is a government", D(n,g) = "n deserves g"

Then:

(n (N(n) -> (g (G(g) ^ D(n,g)))

d)

If you praise everybody, you praise nobody

-> If you praise everybody, you do not praise anybody

Define P(x) = "you praise x", N(x) = "you do not praise x"

Then:

(x P(x) -> (x N(x)

e)

Everybody who visits New Orleans falls in love with it

Define V(x) = "x visits New Orleans", L(x) = "x falls in love with New Orleans"

Then:

(x (V(x) -> L(x))

f)

Not every hurricane in New Orleans is a storm; some of them are cocktails, but all of them are dangerous

-> (There exists a hurricane in New Orleans which is not a storm) ^ (Some hurricanes in New Orleans are cocktails) ^ (All hurricanes in New

Orleans are dangerous)

Define H(x) = "x is a hurricane in New Orleans", S(x) = "x is a storm", C(x) = "x is a cocktail", D(x) = "x is dangerous"

Then:

((x (H(x) ^ ¬S(x))) ^ ((x (H(x) ^ C(x))) ^ ((x (H(x) -> D(x)))

Alternatively, if we want to interpret the English sentence as implying "if a hurricane is not a storm, then it is so because it is a cocktail",

then we could write:

Define H(x) and D(x) as above, T(x) = "x is a cocktail and not a storm"

Then:

((x (H(x) ^ T(x))) ^ ((x (H(x) -> D(x)))

g)

Vaughn's is the coolest bar with best live jazz in New Orleans

-> For all bars other than Vaughn's in New Orleans, Vaughn's is cooler than them and its live jazz is better than theirs

Define B(x) = "x is a bar in New Orleans", C(x,y) = "x is cooler than y", J(x,y) = "x has better live jazz than y"

Define V = "Vaughn's"

Then:

((x (B(x) ^ ¬(x = V) -> C(V,x) ^ J(V,x)))

h)

Mardi Gras is the biggest party (in the world)!

-> For all other parties in the world other than Mardi Gras, Mardi Gras is bigger than them

Define P(x) = "x is a party in the world", B(x,y) = "x is bigger than y"

Define M = "Mardi Gras"

Then:

((x (P(x) ^ ¬(x = M) -> B(M,x)))

i)

At least two piano players from Louisiana other than Ellis Marsalis play at my favourite club

-> There exist (at least) two distinct piano players from Lousiana such that neither is Ellis Marsalis and both play at my favourite club

Define L(x) = "x is a piano player from Louisiana", P(x,y) = "x plays at y"

Define E = "Ellis Marsalis", F = "my favourite club"

(x (y (¬(x = y) ^ ¬(x = E) ^ ¬(y = E) ^ L(x) ^ L(y) ^ P(x,F) ^ P(y,F))

j)

There is only one restaurant where you can get better breakfast than at the Bluebird Café

-> (There is a restaurant where you can get better breakfast than at the Bluebird Café) ^ (There does not exist another such restaurant distinct

from the first)

Define P(x,y) = "you can get better breakfast at x than at y", R(x) = "x is a restaurant"

Define B = "the Bluebird Café"

((x (R(x) ^ P(x,B))) ^ ((x (y (R(x) ^ P(x,B) ^ R(y) ^ P(y,B) -> x = y))

k)

Not everybody in Louisiana speaks French, but everybody in Louisiana knows someone in Louisiana who does speak French

-> (There exists someone in Louisiana who does not speak French) ^ (For every person in Louisiana, they know someone who speaks French)

Define F(x) = "x speaks French", K(x,y) = "x knows y", L(x) = "x is in Lousiana"

Then:

((x (L(x) ^ ¬F(x))) ^ ((x (L(x) -> (y (K(x,y) ^ F(y)))

9)

a)

Even(x) = (y (x = y . (1 + 1))

b)

Divisor(x,y) = (z (x . z = y)

c)

Prime(x) = (y (z (y . z = x -> ((y = 1) ^ (z = x)) v ((y = x) ^ (z = 1)))

d)

...

e)

(y (z (x = y . y + z . z)

f)

(x (a (b (c (d (x = a . a + b . b + c . c + d . d)

g)

Using Even(x) and Prime(x) from above for simplicity:

(x (Even(x) ^ (x > (1 + 1))) -> (y (z (Prime(y) ^ Prime(z) ^ y + z = x)

h)

(x (y (y > x)

i)

(x (Prime(x) -> (y (y > x ^ Prime(y)))

j)

(x (Prime(x) v ((y (Divisor(y,x) ^ Prime(y) -> x > y)))

k)

(x ((x < 4) ^ (y (Divisor(x,y) v Divisor(x,y+1) v Divisor(x,y+2) v Divisor(x,y+3)))

10)

a)

(s (s' (S(s) ^ S'(s') ^ B(s,s') -> (P(s) <-> P(s')) ^ (Q(s) <-> Q(s')) ^ (x (t (Rx(s,t) -> (t' (Rx'(s',t') ^ B(t,t'))) ^ (x (t' (Rx'(s',t') -> (t (Rx(s,t) ^ B(t,t'))))

b)

((a)) ^ (s (S(s) -> (s' (S'(s') ^ B(s,s'))) ^ (s' (S'(s') -> (s (S(s) ^ B(s,s')))

c)

No, you can't. We want to write something like:

Let BR(B) = "B is a bisimulation relation (as above)"

Let BS(s,s') = "s and s' are bisimilar states"

BS(s,s') = (B (BR(B) ^ B(s,s'))

But we can't write this in first-order logic, because of the need to say (B. Since B is a relation, this can't be done.

The same problem prevents us from expressing the fact that two transition systems are bisimilar.

11)

a)

y,z

b)

x,y,z

c)

y,z

d)

Same as before, since all occurrences of x are bound.

e)

(x ((y R(x,y,z) ^ R(x,g(y,y),z) ^ Q(g(y,y),z) -> (y (z (Q(x,z) v R(y,x,z)))

f)

(x ((y R(x,y,g(z,f(z))) ^ R(x,y,g(z,f(z))) ^ Q(y,g(z,f(z))) -> (y (z (Q(x,z) v R(y,x,z)))

g)

A substitution phi[t/x] is safe if there is no free occurrence of x in phi inside the scope of (y or (y, for any variable y

occurring in t.

In this instance, there are no free occurrences of x in phi at all, so the substitution is certainly safe, although rather pointless. The formula

remains unchanged after the substitution.

h)

This substitution is not safe, because there is a free occurrence of y (as an example consider Q(y,z)) inside the scope of (x, and x

appears in the g(y,x) we want to substitute in.

i)

This one, on the other hand, is safe:

(x ((y R(x,y,z) ^ R(x,g(y,z),z) ^ Q(g(y,z),z) -> (y (z (Q(x,z) v R(y,x,z)))

j)

This one isn't, consider (y R(x,y,z) at the start of the formula.

k)

This one isn't either.
