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FAO: Dr. G. Jones

Logic and Proof

Homework 2 (continued)
8)

a)

Valid.

Pick an x0 E A.

If x P(x) is satisfied then PA(x0), and so x P(x) -> P(x0) is satisfied.

So y (x P(x) -> P(y)) is satisfied.

b)

Valid.

Pick an arbitrary x0 E A.

If x (P(x) -> y Q(y)) is satisfied then P(x0) -> y Q(y).

So for some y0 E A, P(x0) -> Q(y0).

So y (P(x0) -> Q(y)).

Since x0 was arbitrary, this is true whatever we choose as x0, thus:

xy (P(x) -> Q(y))

So we have shown that x (P(x) -> y Q(y)) implies this, i.e.

x (P(x) -> y Q(y)) -> xy (P(x) -> Q(y)) is valid

c)

Valid.

Pick an arbitrary x0 E A.

If xy (P(x) -> Q(y)) is satisfied then y (P(x0) -> Q(y)) is satisfied.

For some y0 E A, P(x0) -> Q(y0).

So P(x0) -> y Q(y).

Since x0 was arbitrary:

x (P(x) -> y Q(y))

So:

xy (P(x) -> Q(y)) -> x (P(x) -> y Q(y)) is valid

d)

Valid.

Pick an arbitrary x0 and an arbitrary y0 E A.

If xy (R(x,y) -> x /= y) is satisfied then R(x0,y0) -> x0 /= y0.

So taking the contrapositive statement (essentially "Modus Tollens"): ¬(x0 /= y0) -> ¬R(x0,y0).

x0 = y0 -> ¬R(x0,y0).

But x0 and y0 were arbitrary, so:

xy x = y -> ¬R(x,y).

Further, since x = y, we can just write:

x x = x -> ¬R(x,x).

But x = x is always true, so we have:

x ¬R(x,x), as required.

Thus xy (R(x,y) -> x /= y) -> x ¬R(x,x) is valid

e)

Not valid (done before)

f)

Not valid.

Counter-example:

Take the model with the set of natural numbers as its domain, and define the predicates P and Q as follows:

P(x) := "x is even"

Q(x) := P(x)

Then certainly xy (P(x) -> Q(y)). Consider:

Pick an arbitrary x0.

If xy (P(x) -> Q(y)) is satisfied then y (P(x0) -> Q(y)) is satisfied.

And since Q = P, we have:

y (P(x0) -> P(y))

This is clearly true, since P(x0) -> P(x0), i.e. we can choose y := x0.

On the other hand, yx (P(x) -> Q(y)) doesn't hold. Counter-example:

???

Actually I'm still not sure about this one.

9)

a)

Satisfiable.

Take the model with the set of integers as its domain, and take P := <

Then for any given y, take x := y-1, then < y; z := y+1, then ¬(z < y).

b)

Satisfiable.

Take the model with the set of real numbers as its domain, and take P(x,y) := "x and y are both rational". Further, take

c to be an irrational number and y to be a rational number.

Then certainly y ¬P(c,y), since c is irrational. And x P(x,y), since if we take x := y, both x 

and y are rational and P(x,y) holds.

So x P(x,y) ^ y ¬P(c,y) is satisfiable.

c)

Satisfiable.

It's exactly the same as the last one, since the x in the second part of the ^ has absolutely nothing to do with the

existentially-quantified x in the first part, i.e. we could have written any letter we liked in place of the c (except y,

of course!)

d)

Satisfiable (though if we'd added the symmetry condition, it wouldn't have been, as shown in 2(b)).

We can't do this with a finite model, but if we take the model with the set of natural numbers as its domain, and take

R := <, then the formula is satisfied. Consider:

xy R(x,y)

xy (x < y)

For this we simply take y := x+1

{Transitivity}

Yes, < over natural numbers is definitely transitive.

{Irreflexivity}

Yes, < over natural numbers is definitely irreflexive.

e)

Not satisfiable.

RTP: ¬φ is valid.

¬φ := ¬(x(y (P(x) -> Q(y)) ^ y (P(y) ^ ¬Q(x)))

      = x ¬(y (P(x) -> Q(y)) ^ y (P(y) ^ ¬Q(x)))

For some x0:

¬(y (P(x0) -> Q(y)) ^ y (P(y) ^ ¬Q(x0)))

¬(y (P(x0) -> Q(y))) v ¬(y (P(y) ^ ¬Q(x0)))

y ¬(P(x0) -> Q(y)) v y ¬(P(y) ^ ¬Q(x0))

y ¬(¬P(x0) v Q(y)) v y ¬(P(y) ^ ¬Q(x0))

y (P(x0) ^ ¬Q(y)) v y ¬(P(y) ^ ¬Q(x0))

y (P(x0) ^ ¬Q(y)) v y (¬P(y) v Q(x0))

???

BBOX

x0
¬(y (P(x0) -> Q(y)) ^ y (P(y) ^ ¬Q(x0)))

assumption


¬(y (P(x0) -> Q(y))) v ¬(y (P(y) ^ ¬Q(x0)))
De Morgan's Law


y ¬(P(x0) -> Q(y)) v y ¬(P(y) ^ ¬Q(x0))

¬ <=> ¬


BBOX2



y ¬(P(x0) -> Q(y))



assumption



BBOX3



y0



¬(P(x0) -> Q(y0))


 e



EBOX3


EBOX2

EBOX

???

10)

a)

Already done.

b)

=>)

1
¬x P(x)

premise

2
x (P(x) v ¬P(x))
"law of excluded middle" (see Part 3: 1-37)

BBOX

3 x0
4
P(x0) v ¬P(x0)

 e 2

BBOX2

5
¬P(x0)


assumption

6
x ¬P(x)

 i 5

EBOX2

EBOX

???

c)

If ¬(P(x) ^ y Q(y)), then P(x) and y Q(y) can't both be true:

¬P(x) v ¬(y Q(y))

But ¬(y Q(y)) means y ¬(Q(y)), hence:

¬P(x) v y ¬Q(y)

Conversely:

¬P(x) v y ¬Q(y) means ¬P(x) v ¬(y Q(y))

And using a De Morgan law, we can rewrite this as:

¬(P(x) ^ y Q(y))

as required.

d)

=>)

1
P(x) ^ (Q(x) v Q(y))


premise

2
P(x)




^ e 1

3
Q(x) v Q(y)



^ e 1

4
Q(x)




assumption

5
P(x) ^ Q(x)



^ i 2,4

6
(P(x) ^ Q(x)) v (P(x) ^ Q(y))

v i 5

7
Q(y)




assumption

8
P(x) ^ Q(y)



^ i 2,7

9
(P(x) ^ Q(x)) v (P(x) ^ Q(y))

v i 8

10
(P(x) ^ Q(x)) v (P(x) ^ Q(y))

v e 3, 4-6, 7-9

<=)

1
(P(x) ^ Q(x)) v (P(x) ^ Q(y))

premise

2
P(x) ^ Q(x)



assumption

3
P(x)




^ e 2

4
Q(x)




^ e 2

5
Q(x) v Q(y)



v i 4

6
P(x) ^ (Q(x) v Q(y))


^ i 3,5

7
P(x) ^ Q(y)



assumption

8
P(x)




^ e 7

9
Q(y)




^ e 7

10
Q(x) v Q(y)



v i 9

11
P(x) ^ (Q(x) v Q(y))


^ i 8,10

12
P(x) ^ (Q(x) v Q(y))


v e 1, 2-6, 7-11

So P(x) ^ (Q(x) v (Q(y)) |- (P(x) ^ Q(x)) v (P(x) ^ Q(y))

By appealing to strong completeness (which has now been covered in lectures!), we now argue that:

P(x) ^ (Q(x) v (Q(y)) |= (P(x) ^ Q(x)) v (P(x) ^ Q(y))

By a similar argument, (P(x) ^ Q(x)) v (P(x) ^ Q(y)) |= P(x) ^ (Q(x) v (Q(y))

So the two formulae are semantically equivalent.

11)

a)

Let A be any model. If A |= φ, ¬φ, then by Tarski's rules we have that A |= φ ^ ¬φ, or in other words that

A |= <bottom>. So φ, ¬φ |= <bottom>.

b)

Let A be any model. If A |= φ or A |= ψ, then A |= θ. So φ, ψ |= θ.

c)

Let A be any model. If A |= ψ1, ψ2, ..., ψn, then A |= φ[x0/x]. If A |= φ[x0/x] for an arbitrary x0 then by 

Tarski's definition A |= x φ.

So then ψ1, ψ2, ..., ψn |= x φ, as required.

12)

a)

Show that if φ |= ψ, then φ -> ψ.

Let A be any model. If A |= φ, then A |= ψ. So by Tarski's definition, A |= φ -> ψ.

So (φ |= ψ) |= φ -> ψ, as required.

b)

Show that φ, φ -> ψ |= ψ.

Let A be any model. If A |= φ -> ψ, then if A |= φ, A |= ψ (by Tarski's definition). Here we have that A |= φ
and A |= φ -> ψ, so clearly A |= ψ. But that means that φ, φ -> ψ |= ψ, which was what we wanted to prove.

c)

Show that ¬¬φ |= φ.

Let A by any model. If A |= ¬¬φ, then by Tarski's definition:

not (A |= ¬φ)

But A |= ¬φ is (again by Tarski's definition) not A |= φ. So we have:

not (not A |= φ)

<=> A |= φ
So ¬¬φ |= φ.

d)

Show that x φ |= φ[t/x].

Let A be any model. If A |= x φ, then by Tarski's definition A |= φ[a'/x] for all a E A. This means in

particular that A |= φ[t/x].

So x φ |= φ[t/x].

e)

Show that x φ, (φ[x0/x] |= ψ) |= ψ.

Let A be any model. If A |= x φ, then for some a E A, A |= φ[a'/x]. Since x0 is completely arbitrary

in the above, we can safely say that A |= φ[x0/x]. But φ[x0/x] |= ψ, so A |= ψ.

So x φ, (φ[x0/x] |= ψ) |= ψ.

f)

Show that φ -> ψ, ¬ψ |= ¬φ.

Let A be any model. If A |= φ -> ψ, then by Tarski's definition, if A |= φ then A |= ψ. But it can never happen

that A |= ψ and A |= ¬ψ, for then A |= ψ ^ ¬ψ, which would imply that A |= <bottom>. So then not A |= φ. But if

not A |= φ, then A |= ¬φ by Tarski's definition.

So φ -> ψ, ¬ψ |= ¬φ.

13)

BBOX

1
¬φ



assumption

...

x
<bottom>

EBOX

x+1
¬(¬φ)



¬ i x

x+2
φ



¬¬ e (x+1)

14)

First, we can show another derived rule, which we'll call "= e2". Since = is symmetric (as proved in the lectures), we

have:

t1 = t2

φ[t2/x]

-------------------------

        φ[t1/x]

In other words we just swapped the names t1 and t2 (they're dummy variables), and then used symmetry to change t2 = t1 to

t1 = t2.

1
t1 = t2



premise

2
t2 = t3



premise

{Let φ := x = t3}

3
φ[t2/x]



2

4
φ[t1/x]



= e2 1,3

5
t1 = t3



since φ := x = t3

