Discrete Maths
Sample Paper
Question 1
(a)
Define the terms prime, relatively prime. (3 marks)

A natural number is prime iff its only divisors are 1 and itself. (Thus 1 itself is not prime.)
Two natural numbers are relatively prime if their greatest common divisor is 1.

(b)
Prove that gcd(m,n) . lcm(m,n) = m . n. (6 marks)

Let gcd(m,n) be g. Then g|m and g|n, and there exist integers a, b s.t.
m = ag
n = bg
Then l = abg (= m . n / gcd(m,n)) is certainly a common multiple of m and n, for:
abg = b(ag) = bm ( m|abg
abg = a(bg) = an ( n|abg
Suppose there is some l0|l s.t. l0 is a common multiple of m and n. Then m|l0 and n|l0, so there exist integers c, d s.t.
l0 = cm = dn = c(ag) = d(bg) | l = abg
Thus c|b and d|a. Let g0 = m . n / l0 = (l0/c . l0/d) / l0 = l0/(c . d).
Well, g = m/a = (l0/c)/a = l0/(c . a). Since d|a, there exists some e s.t.
ed = a
Thus g = l0/(c . ed) = g0/e, whence g0 = eg, which implies that g|g0.
Now, since g is the greatest common divisor of m and n, if g0 is a common divisor of m and n, then g0 = g, since we have just established that g|g0. If that’s the case, then l0 = m . n / g0 = m . n / g = l, and so l is lcm(m,n) and we’re done. So we have to show that g0 is a common divisor of m and n. Well this is straightforward:
m = (l0/n) . g0
n = (l0/m) . g0
And since we have that both m|l0 and n|l0, clearly l0/n and l0/m are integers, so we’ve shown that g0 is a common divisor of m and n, and hence the result.

(c)
Show how the Euclidean algorithm can be used to determine values for s and t 
such that gcd(60,42) = s . 60 + t . 42. (3 marks)
…

(d)
Prove that 4170 – 4110 is a multiple of 14. (8 marks)

This is relatively straightforward. We only have to show that:

(4170 – 4110) MOD 14 = 0

Well:

(4170 – 4110) MOD 14

= 4170 MOD 14 – 4110 MOD 14

= (4160 MOD 14)(4110 MOD 14) – 4110 MOD 14
For any a, n and p, we have that:

an MOD p = (a MOD p)n MOD p

So since 41 MOD 14 = 13, our problem reduces to:

(1360 MOD 14)(1310 MOD 14) – 1310 MOD 14

= ((132 MOD 14)30 MOD 14)((132 MOD 14)5 MOD 14) – (132 MOD 14)5 MOD 14

= ((169 MOD 14)30 MOD 14)((169 MOD 14)5 MOD 14) – (169 MOD 14)5 MOD 14
= (130 MOD 14)(15 MOD 14) – 15 MOD 14

= 1 . 1 – 1

= 0

as required.

If we were being really rigorous, we could prove our rule for modular arithmetic:

Let a = cp + d, with 0 ≤ d < p. Then:

an MOD p

= (cp + d)n MOD p

= ((cp)n + nC1 . d . (cp)n-1 + … + dn) MOD p

= dn MOD p (since all the other terms are multiples of p)

= (a MOD p)n MOD p

Note that we also used this rule a lot in the form:
(am)n MOD p = (am MOD p)n MOD p
Question 2
(a)
Define the Inclusion-Exclusion Principle. (4 marks)
To calculate:

|X1 ∩ X2 ∩ X3 ∩ … ∩ Xn|
we do:

|X1| + |X2| + |X3| + … + |Xn|

- |X1 ∩ X2| - … - |X1 ∩ Xn| - |X2 ∩ X3| - … - |X2 ∩ Xn| - …

+ |X1 ∩ X2 ∩ X3| + … + |X1 ∩ X2 ∩ Xn| + …

- …

In essence, we take all possible combinations of the sets, add the ones with an odd number of sets and subtract the ones with an even number of sets. This is the inclusion-exclusion principle.
(b)
How many distinct integers in S = {1,2,3,…,1000} are divisible by 6 or by 9 
or by 10? (7 marks)
Let Dk = {n ( S : n is divisible by k}
|D6| = 166

|D9| = 111

|D10| = 100

|D6 ∩ D9| = |D18| = 55
|D6 ∩ D10| = |D30| = 33

|D9 ∩ D10| = |D90| = 11

|D6 ∩ D9 ∩ D10| = |D90| = 11
Then we want:

|D6 U D9 U D10|
= |D6| + |D9| + |D10| – |D6 ∩ D9| – |D6 ∩ D10| – |D9 ∩ D10| + |D6 ∩ D9 ∩ D10|
= 166 + 111 + 100 – 55 – 33 – 11 + 11
= 289
(c)
How many integers in S have the property that the sum of their digits is 13? (4 
marks)
There are no single-digit integers with the property. Consider numbers of the form abc, where a can be 0 (in other words, abc may be a two-digit or three-digit number). There are 10 choices of digit for a.

If a < 4, there are (a + 6) choices for b. For an example, consider a = 1. Now a + b + c = 13, with c < 10. So b + c = 12 < b + 10 ( b > 2 ( there are 7 choices for b.

If a > 4, there are (14 – a) choices for b. For an example, consider a = 5. Now a + b + c = 13, with c ≥ 0. So b + c = 8 ≥ b ( b ≤ 8 ( there are 9 choices for b.
If a = 4, there are 10 choices for b.
Whatever happens, there are no choices of digit for c, since c = 13 – a – b.

So we have:

sum{i=0 to 3} [a + 6] + 10 + sum{i=5 to 9} [14 – a]
= (6+7+8+9) + 10 + (9+8+7+6+5)
= 75

(d)
How many distinct n-element subsets of {1,2,3,…,p}, 1 ≤ n ≤ p, contain no 
two consecutive integers? (5 marks)
THIS DOESN’T WORK AT ALL – RETHINK AT SOME STAGE

We count those that do contain two consecutive integers first of all, because it’s easier. We’ll start by doing only the case where p ≥ 3 and n > 2.
Assume, w.l.o.g., that the first two elements we pick for the set are the two consecutive ones. There are p – 1 ways to choose 2 consecutive integers. The other elements can be chosen arbitrarily, so there are (p – 2) ways to choose the next element, (p – 3) ways to choose the element after, etc. Since the order we choose them in doesn’t matter, we have to divide by (n – 2), which doesn’t equal 0 since n > 2. So we have that there are:
(p – 1) * (p – 2) * (p – 3) * … (p – n + 1) / (n – 2)
distinct n-element subsets with two consecutive integers.

Now, since in total there are pCn distinct n-element subsets of {1,2,3,…,p}, we have that there are:

pCn – (p – 1)!/((p – n)!(n – 2))
= p!/(n!(p-n)!) – (p – 1)!/(p – n)!
= (p/n! – 1)(p – 1)!/(p – n)!
Let’s try it on an example:

{1,2,3,4,5}, i.e. p = 5
Take n = 3.
Then there are
{1,3,5}

Question 3
Let multiple denote the relation on positive integers where a multiple b holds if and only if a mod b = 0.
(a)
Define the terms partial order and total order.
A partial order P on a set S is a binary relation which is reflexive, anti-symmetric and transitive, that is:
For all s in S, P(s,s)




{reflexive}

For all s,t in S, if P(s,t) and P(t,s), then s = t

{anti-symmetric}

For all s,t,u in S, if P(s,t) and P(t,u), then P(s,u)
{transitive}

A total order is a partial order that additionally satisfies:
For all s,t in S, either P(s,t) or P(t,s)


{linear}
(b)
Show that multiple is a partial order, but that it is not a total order. (3 marks)
a mod a = 0 for any a, so multiple is reflexive.
If a mod b = 0 and b mod a = 0, then:

a = xb for some integer x

b = ya for some integer y

a = x(ya) = (xy)a

So xy = 1, hence x = y = 1, since multiple is a relation over the positive integers only. Thus a = b, so multiple is anti-symmetric.

If a mod b = 0 and b mod c = 0, then:

a = xb

b = yc

a = x(yc) = (xy)c

So a mod c = 0, and multiple is transitive.

Thus multiple is a partial order.

It’s not a total order. Consider:

2 is not a multiple of 3

3 is not a multiple of 2

(c)
 Draw the Hasse diagram for the relation multiple on the set of integers 
{1,2,3,…,12}. (2 marks)
…

(d)
Define the terms least upper bound and greatest lower bound. (3 marks)

An upper bound u of a poset S (partially ordered with a relation R) is an element of S s.t. every element s in S has:
s R u

The least upper bound of S further satisfies: for every upper bound u of S, lub(S) R u.

A lower bound l is the opposite: for every s in S, we have:

l R s
The greatest upper bound of S further satisfies: for every lower bound l of S,

l R glb(S).

Note that we can also have (for example) the greatest lower bound for S in T, in which case the restriction that glb(S) must be an element of S clearly doesn’t apply. If it’s not specified, though, we assume it has to be in S.

…
