Digital Hardware Practical
(Trinity Term 2004)
> module Adder where

1. Representing integers

> type Bit = (Int, Int)

> rep :: Int -> Integer -> [Bit]

> rep 0 _ = []

> rep n 0 = (0,0):rep (n-1) 0

> rep n x = y:ys

>
where

>

y = (fromInteger (x `mod` 2),0)

>

ys = rep (n-1) (x `div` 2)

> bin :: [Bit] -> Integer

> bin [] = 0

> bin ((x,_):xs) = toInteger x + 2*bin xs

rep 8 21 = [(1,0),(0,0),(1,0),(0,0),(1,0),(0,0),(0,0),(0,0)]
This is what we expect since 1.20 + 0.21 + 1.22 + 0.23 + 1.24 = 1 + 4 + 16 = 21.
rep 3 5 = [(1,0),(0,0),(1,0)]
Again, this is what we expect since 1.20 + 0.21 + 1.22 = 1 + 4 = 5.

rep 9 157 = [(1,0),(0,0),(1,0),(1,0),(1,0),(0,0),(0,0),(1,0),(0,0)]
And since 1.20 + 0.21 + 1.22 + 1.23 + 1.24 + 0.25 + 0.26 + 1.27 = 1 + 4 + 8 + 16 + 128 = 157, this one is also correct.

Note also that the number of bits in all the cases were as expected.
bin (rep 8 21) = 21
bin (rep 3 5) = 5

bin (rep 9 157) = 157

These all give the result desired.

2. Useful gates

> majority :: (Bit, Bit, Bit) -> Bit

> majority ((a,x),(b,y),(c,z)) = (maj, maximum [x,y,z] + 1)

>
where

>

maj = if s >= 2 then 1 else 0

>

s = a + b + c

> xor :: Int -> Int -> Int

> xor x y = if x /= y then 1 else 0

> parity :: (Bit, Bit, Bit) -> Bit

> parity ((a,x),(b,y),(c,z)) = (par, maximum [x,y,z] + 1)

>
where

>

par = a `xor` b `xor` c

> full_adder :: Bit -> (Bit, Bit) -> (Bit, Bit)

> full_adder cin (a,b) = (s,cout)

>
where

>

s = parity (cin, a, b)

>

cout = majority (cin, a, b)

We test majority over all possible values of a, b and c as follows:

[(i,j,k) | i <- [0..1], j <- [0..1], k <- [0..1]]
= [(0,0,0),(0,0,1),(0,1,0),(0,1,1),(1,0,0),(1,0,1),(1,1,0),(1,1,1)]

map (\(x,y,z) -> ((x,2),(y,5),(z,17))) $$
= [((0,2),(0,5),(0,17)),((0,2),(0,5),(1,17)),((0,2),(1,5),(0,17)),((0,2),(1,5),(1,17)),((1,2),(0,5),(0,17)),((1,2),(0,5),(1,17)),((1,2),(1,5),(0,17)),((1,2),(1,5),(1,17))]

map majority $$
= [(0,18),(0,18),(0,18),(1,18),(0,18),(1,18),(1,18),(1,18)]
We note the following two things:
i)
The value part of the bit output is 1 exactly when the value 
parts of two or more of the input bits was 1 (as expected).

ii)
The time parts of all the bits are 18, which is one greater 
than the time at which the last input to majority became 
stable (= maximum [2,5,17] + 1). This is as expected, since we 
are assuming that majority takes 1 time unit.
We also test majority for different time bits just to make sure that our arbitrary choice of time bits wasn’t somehow the only case in which the function works (using the test in the question, to ensure that it works, because it’s unfortunate(!) when your function doesn’t work for the example given):
majority ((0,3),(1,4),(1,5)) = (1,6)

(The point, of course, is that testing it over all the possible combinations of value bits, but only one combination of time bits, only tells us that it works for that combination of time bits: it would be easy to write a function which produced the right output for those time bits, and the wrong output everywhere else. If we only tested for those time bits, we couldn’t tell the difference between the correct function and the one which only works for that special case.)

We now test parity the same way:

[(i,j,k) | i <- [0..1], j <- [0..1], k <- [0..1]]

= [(0,0,0),(0,0,1),(0,1,0),(0,1,1),(1,0,0),(1,0,1),(1,1,0),(1,1,1)]
map (\(x,y,z) -> ((x,6),(y,7),(z,23))) $$

= [((0,6),(0,7),(0,23)),((0,6),(0,7),(1,23)),((0,6),(1,7),(0,23)),((0,6),(1,7),(1,23)),((1,6),(0,7),(0,23)),((1,6),(0,7),(1,23)),((1,6),(1,7),(0,23)),((1,6),(1,7),(1,23))]
map parity $$

= [(0,24),(1,24),(1,24),(0,24),(1,24),(0,24),(0,24),(1,24)]
This is what we were expecting. The time parts of the bits are correct as before. The value part of the bit output is 1 exactly when the value parts of an odd number of the inputs was 1.
We test full_adder similarly:

[(i,j,k) | i <- [0..1], j <- [0..1], k <- [0..1]]

= [(0,0,0),(0,0,1),(0,1,0),(0,1,1),(1,0,0),(1,0,1),(1,1,0),(1,1,1)]
map (\(x,y,z) -> full_adder (x,2) ((y,3),(z,5))) $$

= [((0,6),(0,6)),((1,6),(0,6)),((1,6),(0,6)),((0,6),(1,6)),((1,6),(0,6)),((0,6),(1,6)),((0,6),(1,6)),((1,6),(1,6))]
The time parts of the bits are clearly right, since maximum [2,3,5] + 1 certainly equals 6, but what about the value parts? Let’s make it a little easier to read, and then compare it with a full adder table:

map (\((x,_),(y,_)) -> (x,y)) $$

= [(0,0),(1,0),(1,0),(0,1),(1,0),(0,1),(0,1),(1,1)]
zip [(i,j,k) | i <- [0..1], j <- [0..1], k <- [0..1]] $$ =

[((0,0,0),(0,0)),((0,0,1),(1,0)),((0,1,0),(1,0)),((0,1,1),(0,1)),((1,0,0),(1,0)),((1,0,1),(0,1)),((1,1,0),(0,1)),((1,1,1),(1,1))]
concatMap (\((x,y,z),(a,b)) -> show x ++ "\t" ++ show y ++ "\t" ++ show z ++ "\t|\t" ++ show a ++ "\t" ++ show b ++ "\n") $$ =

"0\t0\t0\t|\t0\t0\n0\t0\t1\t|\t1\t0\n0\t1\t0\t|\t1\t0\n0\t1\t1\t|\t0\t1\n1\t0\t0\t|\t1\t0\n1\t0\t1\t|\t0\t1\n1\t1\t0\t|\t0\t1\n1\t1\t1\t|\t1\t1\n"
putStr $$ =

0       0       0       |       0       0

0       0       1       |       1       0

0       1       0       |       1       0

0       1       1       |       0       1

1       0       0       |       1       0

1       0       1       |       0       1

1       1       0       |       0       1

1       1       1       |       1       1
a       b       cin             s       cout

And finally, comparing this with the full adder table in the lecture notes, we see that this is exactly what we were expecting.
3. Ripple-carry adder

> ripple :: (a -> b -> (c, a)) -> a -> [b] -> [c]

> ripple _ _ [] = []

> ripple f c0 (x0:xs) = y0:ripple f c1 xs

>
where (y0,c1) = f c0 x0

> adder :: [Bit] -> [Bit] -> [Bit]

> adder as bs = ripple full_adder (0,0) (zip as bs)

adder (rep 9 130) (rep 9 145)

= [(1,1),(1,2),(0,3),(0,4),(1,5),(0,6),(0,7),(0,8),(1,9)]
bin $$

= 275

This is 130 + 145, which is what we expected.
adder (rep 74 23109) (rep 74 510923) =
[(0,1),(0,2),(0,3),(0,4),(1,5),(0,6),(0,7),(0,8),(0,9),(1,10),(1,11),(0,12),(0,13),(1,14),(0,15),(0,16),(0,17),(0,18),(0,19),(1,20),(0,21),(0,22),(0,23),(0,24),(0,25),(0,26),(0,27),(0,28),(0,29),(0,30),(0,31),(0,32),(0,33),(0,34),(0,35),(0,36),(0,37),(0,38),(0,39),(0,40),(0,41),(0,42),(0,43),(0,44),(0,45),(0,46),(0,47),(0,48),(0,49),(0,50),(0,51),(0,52),(0,53),(0,54),(0,55),(0,56),(0,57),(0,58),(0,59),(0,60),(0,61),(0,62),(0,63),(0,64),(0,65),(0,66),(0,67),(0,68),(0,69),(0,70),(0,71),(0,72),(0,73),(0,74)]
bin $$

= 534032

This is 23109 + 510923, again as expected.
adder (rep 4 13) (rep 4 10)

= [(1,1),(1,2),(1,3),(0,4)]
bin $$

= 7

This is also what we expect, but for a different reason. In this instance, the result of the addition, 23, would need 5 bits, but as asked in the question we only output a 4-bit answer, so what we’re actually getting is 23 MOD 24, i.e. 7.

Now let’s look at the timings for the same addition with n varying between 10 and 20:
map (\n -> adder (rep n 347) (rep n 261)) [10..20] =
[[(0,1),(0,2),(0,3),(0,4),(0,5),(1,6),(1,7),(0,8),(0,9),(1,10)],[(0,1),(0,2),(0,3),(0,4),(0,5),(1,6),(1,7),(0,8),(0,9),(1,10),(0,11)],[(0,1),(0,2),(0,3),(0,4),(0,5),(1,6),(1,7),(0,8),(0,9),(1,10),(0,11),(0,12)],[(0,1),(0,2),(0,3),(0,4),(0,5),(1,6),(1,7),(0,8),(0,9),(1,10),(0,11),(0,12),(0,13)],[(0,1),(0,2),(0,3),(0,4),(0,5),(1,6),(1,7),(0,8),(0,9),(1,10),(0,11),(0,12),(0,13),(0,14)],[(0,1),(0,2),(0,3),(0,4),(0,5),(1,6),(1,7),(0,8),(0,9),(1,10),(0,11),(0,12),(0,13),(0,14),(0,15)],[(0,1),(0,2),(0,3),(0,4),(0,5),(1,6),(1,7),(0,8),(0,9),(1,10),(0,11),(0,12),(0,13),(0,14),(0,15),(0,16)],[(0,1),(0,2),(0,3),(0,4),(0,5),(1,6),(1,7),(0,8),(0,9),(1,10),(0,11),(0,12),(0,13),(0,14),(0,15),(0,16),(0,17)],[(0,1),(0,2),(0,3),(0,4),(0,5),(1,6),(1,7),(0,8),(0,9),(1,10),(0,11),(0,12),(0,13),(0,14),(0,15),(0,16),(0,17),(0,18)],[(0,1),(0,2),(0,3),(0,4),(0,5),(1,6),(1,7),(0,8),(0,9),(1,10),(0,11),(0,12),(0,13),(0,14),(0,15),(0,16),(0,17),(0,18),(0,19)],[(0,1),(0,2),(0,3),(0,4),(0,5),(1,6),(1,7),(0,8),(0,9),(1,10),(0,11),(0,12),(0,13),(0,14),(0,15),(0,16),(0,17),(0,18),(0,19),(0,20)]]
We’ll cut this down to just the timings for the whole additions, first of all:
map (map snd) $$ =
[[1,2,3,4,5,6,7,8,9,10],[1,2,3,4,5,6,7,8,9,10,11],[1,2,3,4,5,6,7,8,9,10,11,12],[1,2,3,4,5,6,7,8,9,10,11,12,13],[1,2,3,4,5,6,7,8,9,10,11,12,13,14],[1,2,3,4,5,6,7,8,9,10,11,12,13,14,15],[1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16],[1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17],[1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18],[1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19],[1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20]]
map maximum $$

= [10,11,12,13,14,15,16,17,18,19,20]
Clearly the overall circuit depth is growing with n (since it’s exactly n) in this instance. (We will want our improved ciruit to grow with log2 n.) The times don’t depend on the values of x and y, because since we are representing them as sequences of n bits, the actual values themselves don’t matter. They’re n bits long whether they’re 1 or 2n – 1.
4. Introducing carry status

> data KPG = K | P | G

>
deriving (Eq,Show)
> type Flag = (KPG, Int)

> kpg :: (Bit, Bit) -> Flag

> kpg ((a,x),(b,y))

>
| a == 0 && b == 0
= (K,t)

>
| a == 1 && b == 1
= (G,t)

>
| otherwise


= (P,t)

>
where t = max x y + 1

> sumbit :: Flag -> (Bit, Bit) -> Bit

> sumbit (c,z) ((a,x),(b,y))

>
| c == K

= (ksb,t)

>
| c == G

= (gsb,t)

>
| otherwise

= error "We shouldn't get a propagate here"

>
where

>

t = maximum [x,y,z] + 1

>

ksb = (a+b) `mod` 2

>

gsb = (1+a+b) `mod` 2

> bun :: Flag -> Flag -> Flag

> bun (a,x) (b,y)

>
| b == K
= (K,t)

>
| b == P
= (a,t)

>
| b == G
= (G,t)

>
where t = max x y + 1

> rip_cl_adder :: [Bit] -> [Bit] -> [Bit]

> rip_cl_adder as bs = ripple kpg_adder (K,0) (zip as bs)

> kpg_adder :: Flag -> (Bit, Bit) -> (Bit, Flag)

> kpg_adder w (a,b) = (sumbit w (a,b), w `bun` kpg (a,b))

We first test kpg on all possible combinations of a and b as follows:
[(i,j) | i <- [0..1], j <- [0..1]]
= [(0,0),(0,1),(1,0),(1,1)]
map (\(x,y) -> ((x,2),(y,3))) $$
= [((0,2),(0,3)),((0,2),(1,3)),((1,2),(0,3)),((1,2),(1,3))]
map kpg $$

= [(K,4),(P,4),(P,4),(G,4)]
This is what we were expecting. The time parts are one greater than the larger of the time parts of the two inputs (max 2 3 + 1 = 4), and we have (essentially) kpg 0 0 = K, kpg 0 1 = kpg 1 0 = P, kpg 1 1 = G, which is what we intended.

We now test sumbit on all valid combinations of a, b and c as follows:
[(c,a,b) | c <- [K,G], a <- [0..1], b <- [0..1]] =
[(K,0,0),(K,0,1),(K,1,0),(K,1,1),(G,0,0),(G,0,1),(G,1,0),(G,1,1)]
map (\(c,a,b) -> sumbit (c,2) ((a,3),(b,5))) $$

= [(0,6),(1,6),(1,6),(0,6),(1,6),(0,6),(0,6),(1,6)]
The time parts are clearly what we want, since 6 is one greater than maximum [2,3,5], and we’re working on the basis that sumbit takes 1 time unit, so the output bit from sumbit becomes stable one time unit after the latest input bit to become stable. As regards the value parts, we obtain a table to check as follows:
zip [(c,a,b) | c <- [K,G], a <- [0..1], b <- [0..1]] (map fst $$) =
[((K,0,0),0),((K,0,1),1),((K,1,0),1),((K,1,1),0),((G,0,0),1),((G,0,1),0),((G,1,0),0),((G,1,1),1)]
concatMap (\((c,a,b),o) -> show c ++ "\t" ++ show a ++ "\t" ++ show b ++ "\t|\t" ++ show o ++ "\n") $$ =
"K\t0\t0\t|\t0\nK\t0\t1\t|\t1\nK\t1\t0\t|\t1\nK\t1\t1\t|\t0\nG\t0\t0\t|\t1\nG\t0\t1\t|\t0\nG\t1\t0\t|\t0\nG\t1\t1\t|\t1\n"
putStr $$ =

K       0       0       |       0

K       0       1       |       1

K       1       0       |       1

K       1       1       |       0

G       0       0       |       1

G       0       1       |       0

G       1       0       |       0

G       1       1       |       1
From this it’s clear that sumbit is doing the right thing. It’s essentially treating K as 0, and G as 1, and adding the three inputs modulo 2.

Next we test bun on all the KPG combinations:

[(a,b) | a <- [K,P,G], b <- [K,P,G]] =
[(K,K),(K,P),(K,G),(P,K),(P,P),(P,G),(G,K),(G,P),(G,G)]
map (\(a,b) -> bun (a,2) (b,3)) $$ =
[(K,4),(K,4),(G,4),(K,4),(P,4),(G,4),(K,4),(G,4),(G,4)]
The time parts are clearly correct, again, so all we have to check are the value parts:
zip [(a,b) | a <- [K,P,G], b <- [K,P,G]] (map fst $$) =
[((K,K),K),((K,P),K),((K,G),G),((P,K),K),((P,P),P),((P,G),G),((G,K),K),((G,P),G),((G,G),G)]
concatMap (\((a,b),o) -> show a ++ "\t" ++ show b ++ "\t|\t" ++ show o ++ "\n") $$ =
"K\tK\t|\tK\nK\tP\t|\tK\nK\tG\t|\tG\nP\tK\t|\tK\nP\tP\t|\tP\nP\tG\t|\tG\nG\tK\t|\tK\nG\tP\t|\tG\nG\tG\t|\tG\n"
putStr $$ =

K       K       |       K

K       P       |       K

K       G       |       G

P       K       |       K

P       P       |       P

P       G       |       G

G       K       |       K

G       P       |       G

G       G       |       G
Which ties in exactly with the definition in the notes:

(() :: KPG -> KPG -> KPG

z ( K = K

z ( P = z

z ( G = G

Finally, we perform the same tests as above on our new ripple-carry adder (to show that it’s computing the same results as the old one):

rip_cl_adder (rep 9 130) (rep 9 145)

= [(1,1),(1,3),(0,4),(0,5),(1,6),(0,7),(0,8),(0,9),(1,10)]

bin $$

= 275

This is 130 + 145, which is what we expected.

rip_cl_adder (rep 74 23109) (rep 74 510923) =
[(0,1),(0,3),(0,4),(0,5),(1,6),(0,7),(0,8),(0,9),(0,10),(1,11),(1,12),(0,13),(0,14),(1,15),(0,16),(0,17),(0,18),(0,19),(0,20),(1,21),(0,22),(0,23),(0,24),(0,25),(0,26),(0,27),(0,28),(0,29),(0,30),(0,31),(0,32),(0,33),(0,34),(0,35),(0,36),(0,37),(0,38),(0,39),(0,40),(0,41),(0,42),(0,43),(0,44),(0,45),(0,46),(0,47),(0,48),(0,49),(0,50),(0,51),(0,52),(0,53),(0,54),(0,55),(0,56),(0,57),(0,58),(0,59),(0,60),(0,61),(0,62),(0,63),(0,64),(0,65),(0,66),(0,67),(0,68),(0,69),(0,70),(0,71),(0,72),(0,73),(0,74),(0,75)]
bin $$

= 534032

This is 23109 + 510923, again as expected.
rip_cl_adder (rep 4 13) (rep 4 10)

= [(1,1),(1,3),(1,4),(0,5)]
bin $$

= 7

This is also what we expect, but for a different reason. In this instance, the result of the addition, 23, would need 5 bits, but as asked in the question we only output a 4-bit answer, so what we’re actually getting is 23 MOD 24, i.e. 7.

Now let’s look at the timings for the same addition with n varying between 10 and 20:

map (\n -> rip_cl_adder (rep n 347) (rep n 261)) [10..20] =
[[(0,1),(0,3),(0,4),(0,5),(0,6),(1,7),(1,8),(0,9),(0,10),(1,11)],[(0,1),(0,3),(0,4),(0,5),(0,6),(1,7),(1,8),(0,9),(0,10),(1,11),(0,12)],[(0,1),(0,3),(0,4),(0,5),(0,6),(1,7),(1,8),(0,9),(0,10),(1,11),(0,12),(0,13)],[(0,1),(0,3),(0,4),(0,5),(0,6),(1,7),(1,8),(0,9),(0,10),(1,11),(0,12),(0,13),(0,14)],[(0,1),(0,3),(0,4),(0,5),(0,6),(1,7),(1,8),(0,9),(0,10),(1,11),(0,12),(0,13),(0,14),(0,15)],[(0,1),(0,3),(0,4),(0,5),(0,6),(1,7),(1,8),(0,9),(0,10),(1,11),(0,12),(0,13),(0,14),(0,15),(0,16)],[(0,1),(0,3),(0,4),(0,5),(0,6),(1,7),(1,8),(0,9),(0,10),(1,11),(0,12),(0,13),(0,14),(0,15),(0,16),(0,17)],[(0,1),(0,3),(0,4),(0,5),(0,6),(1,7),(1,8),(0,9),(0,10),(1,11),(0,12),(0,13),(0,14),(0,15),(0,16),(0,17),(0,18)],[(0,1),(0,3),(0,4),(0,5),(0,6),(1,7),(1,8),(0,9),(0,10),(1,11),(0,12),(0,13),(0,14),(0,15),(0,16),(0,17),(0,18),(0,19)],[(0,1),(0,3),(0,4),(0,5),(0,6),(1,7),(1,8),(0,9),(0,10),(1,11),(0,12),(0,13),(0,14),(0,15),(0,16),(0,17),(0,18),(0,19),(0,20)],[(0,1),(0,3),(0,4),(0,5),(0,6),(1,7),(1,8),(0,9),(0,10),(1,11),(0,12),(0,13),(0,14),(0,15),(0,16),(0,17),(0,18),(0,19),(0,20),(0,21)]]
We’ll cut this down to just the timings for the whole additions, first of all:

map (map snd) $$ =
[[1,3,4,5,6,7,8,9,10,11],[1,3,4,5,6,7,8,9,10,11,12],[1,3,4,5,6,7,8,9,10,11,12,13],[1,3,4,5,6,7,8,9,10,11,12,13,14],[1,3,4,5,6,7,8,9,10,11,12,13,14,15],[1,3,4,5,6,7,8,9,10,11,12,13,14,15,16],[1,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17],[1,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18],[1,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19],[1,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20],[1,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21]]
map maximum $$

= [11,12,13,14,15,16,17,18,19,20,21]
Clearly once again the overall circuit depth is growing with n (it’s n+1) in this instance.
5. Parallel prefix

> type Prefix_fun a = (a -> a -> a) -> a -> [a] -> [a]

> cl_adder :: Prefix_fun Flag -> [Bit] -> [Bit] -> [Bit]

> cl_adder pfx as bs = zipWith sumbit carries inputs

>
where 

>

carries = pfx bun (K, 0) (map kpg inputs)

>

inputs = zip as bs

> rip_prefix :: Prefix_fun a

> rip_prefix f u xs = scanl f u (init xs)

> rip :: [Bit] -> [Bit] -> [Bit]

> rip = cl_adder rip_prefix

> par_prefix :: Prefix_fun a

> par_prefix (%) u [x] = [u]

> par_prefix (%) u xs = concat (zipWith g es (par_prefix (%) u (zipWith (%) es os)))

>
where

>

es = evens xs; os = odds xs

>

g x y = [y, y % x]

> evens :: [a] -> [a]

> evens = alternate True

> odds :: [a] -> [a]

> odds = alternate False

> alternate :: Bool -> [a] -> [a]

> alternate _ [] = []

> alternate True (x:xs) = x:alternate False xs

> alternate False (_:xs) = alternate True xs

> cla :: [Bit] -> [Bit] -> [Bit]

> cla = cl_adder par_prefix
We’ll only do one test for rip_prefix, because it is literally just a straightforward scanl. Consider:
scanl (() u [x0, x1, …, xn-1]

= [u, u ( x0, u ( x0 ( x1, …, u ( x0 ( x1 ( … ( xn-1]

We want to apply scanl to all but the last element of the list, which is where the init xs in the definition comes from.

So, we test rip_prefix as follows:
rip_prefix (*) 1 [1..5]

= [1,1,2,6,24]
This is what we expect, since we have:

[1, 1*1 = 1, 1*1*2 = 2, 1*1*2*3 = 6, 1*1*2*3*4 = 24]

To test that rip computes the same results as before, we’ll use the same few test cases:
rip (rep 9 130) (rep 9 145)
= [(1,1),(1,3),(0,4),(0,5),(1,6),(0,7),(0,8),(0,9),(1,10)]
bin $$

= 275
rip (rep 74 23109) (rep 74 510923) =
[(0,1),(0,3),(0,4),(0,5),(1,6),(0,7),(0,8),(0,9),(0,10),(1,11),(1,12),(0,13),(0,14),(1,15),(0,16),(0,17),(0,18),(0,19),(0,20),(1,21),(0,22),(0,23),(0,24),(0,25),(0,26),(0,27),(0,28),(0,29),(0,30),(0,31),(0,32),(0,33),(0,34),(0,35),(0,36),(0,37),(0,38),(0,39),(0,40),(0,41),(0,42),(0,43),(0,44),(0,45),(0,46),(0,47),(0,48),(0,49),(0,50),(0,51),(0,52),(0,53),(0,54),(0,55),(0,56),(0,57),(0,58),(0,59),(0,60),(0,61),(0,62),(0,63),(0,64),(0,65),(0,66),(0,67),(0,68),(0,69),(0,70),(0,71),(0,72),(0,73),(0,74),(0,75)]
bin $$

= 534032
rip (rep 4 13) (rep 4 10)

= [(1,1),(1,3),(1,4),(0,5)]
bin $$

= 7

So rip works as expected. Note that the overall circuit depth still grows with n.
We now test evens and odds with both an even and odd length input:
evens [3..10] = [3,5,7,9]

odds [3..10] = [4,6,8,10]

evens [5..11] = [5,7,9,11]
odds [5..11] = [6,8,10]
These are the results we were expecting, so evens and odds work.
Finally, we’ll verify that cla is working correctly, and look at the timings for it. We have to be careful to use only powers of 2 as values for n:
map (\n -> cla (rep n 347) (rep n 261)) (map (2^) [4..7]) =
[[(0,1),(0,3),(0,4),(0,5),(0,5),(1,6),(1,6),(0,7),(0,6),(1,7),(0,7),(0,8),(0,7),(0,8),(0,8),(0,9)],[(0,1),(0,3),(0,4),(0,5),(0,5),(1,6),(1,6),(0,7),(0,6),(1,7),(0,7),(0,8),(0,7),(0,8),(0,8),(0,9),(0,7),(0,8),(0,8),(0,9),(0,8),(0,9),(0,9),(0,10),(0,8),(0,9),(0,9),(0,10),(0,9),(0,10),(0,10),(0,11)],[(0,1),(0,3),(0,4),(0,5),(0,5),(1,6),(1,6),(0,7),(0,6),(1,7),(0,7),(0,8),(0,7),(0,8),(0,8),(0,9),(0,7),(0,8),(0,8),(0,9),(0,8),(0,9),(0,9),(0,10),(0,8),(0,9),(0,9),(0,10),(0,9),(0,10),(0,10),(0,11),(0,8),(0,9),(0,9),(0,10),(0,9),(0,10),(0,10),(0,11),(0,9),(0,10),(0,10),(0,11),(0,10),(0,11),(0,11),(0,12),(0,9),(0,10),(0,10),(0,11),(0,10),(0,11),(0,11),(0,12),(0,10),(0,11),(0,11),(0,12),(0,11),(0,12),(0,12),(0,13)],[(0,1),(0,3),(0,4),(0,5),(0,5),(1,6),(1,6),(0,7),(0,6),(1,7),(0,7),(0,8),(0,7),(0,8),(0,8),(0,9),(0,7),(0,8),(0,8),(0,9),(0,8),(0,9),(0,9),(0,10),(0,8),(0,9),(0,9),(0,10),(0,9),(0,10),(0,10),(0,11),(0,8),(0,9),(0,9),(0,10),(0,9),(0,10),(0,10),(0,11),(0,9),(0,10),(0,10),(0,11),(0,10),(0,11),(0,11),(0,12),(0,9),(0,10),(0,10),(0,11),(0,10),(0,11),(0,11),(0,12),(0,10),(0,11),(0,11),(0,12),(0,11),(0,12),(0,12),(0,13),(0,9),(0,10),(0,10),(0,11),(0,10),(0,11),(0,11),(0,12),(0,10),(0,11),(0,11),(0,12),(0,11),(0,12),(0,12),(0,13),(0,10),(0,11),(0,11),(0,12),(0,11),(0,12),(0,12),(0,13),(0,11),(0,12),(0,12),(0,13),(0,12),(0,13),(0,13),(0,14),(0,10),(0,11),(0,11),(0,12),(0,11),(0,12),(0,12),(0,13),(0,11),(0,12),(0,12),(0,13),(0,12),(0,13),(0,13),(0,14),(0,11),(0,12),(0,12),(0,13),(0,12),(0,13),(0,13),(0,14),(0,12),(0,13),(0,13),(0,14),(0,13),(0,14),(0,14),(0,15)]]
(map bin $$, map (map snd) $$) =
([608,608,608,608],[[1,3,4,5,5,6,6,7,6,7,7,8,7,8,8,9],[1,3,4,5,5,6,6,7,6,7,7,8,7,8,8,9,7,8,8,9,8,9,9,10,8,9,9,10,9,10,10,11],[1,3,4,5,5,6,6,7,6,7,7,8,7,8,8,9,7,8,8,9,8,9,9,10,8,9,9,10,9,10,10,11,8,9,9,10,9,10,10,11,9,10,10,11,10,11,11,12,9,10,10,11,10,11,11,12,10,11,11,12,11,12,12,13],[1,3,4,5,5,6,6,7,6,7,7,8,7,8,8,9,7,8,8,9,8,9,9,10,8,9,9,10,9,10,10,11,8,9,9,10,9,10,10,11,9,10,10,11,10,11,11,12,9,10,10,11,10,11,11,12,10,11,11,12,11,12,12,13,9,10,10,11,10,11,11,12,10,11,11,12,11,12,12,13,10,11,11,12,11,12,12,13,11,12,12,13,12,13,13,14,10,11,11,12,11,12,12,13,11,12,12,13,12,13,13,14,11,12,12,13,12,13,13,14,12,13,13,14,13,14,14,15]])
Well, the answers are clearly right (347 + 261 = 608), but what can we say about the timings?
map maximum (snd $$)

= [9,11,13,15]
These values are clearly 2k + 1, since our input list ([4..7]) was a list of values of k, which we then applied (2^) to in order to get n. So the overall circuit depth of this adder grows with k = log2 n, rather than n.
6. Very optional extra
A carry-save adder (since that was what was in CLR, not a carry-skip adder):

> carry_save_adder :: [Bit] -> [Bit] -> [Bit] -> ([Bit],[Bit])

> carry_save_adder xs ys zs = (us, (0,0):vs)

>
where

>

(us,vs) = carry_save_adder' xs ys zs

> carry_save_adder' :: [Bit] -> [Bit] -> [Bit] -> ([Bit],[Bit])

> carry_save_adder' [] [] [] = ([],[])

> carry_save_adder' (x:xs) (y:ys) (z:zs) = (u:us,v:vs)

>
where

>

(us,vs) = carry_save_adder' xs ys zs

>

u = parity (x,y,z)

>

v = majority (x,y,z)

> -- Precondition: n = length xs = length ys = length zs = 2^k

> three_nbit_sum :: [Bit] -> [Bit] -> [Bit] -> [Bit]

> three_nbit_sum xs ys zs = cla (rep (n*2) (bin us)) (rep (n*2) (bin vs))

>
where

>

n = length xs

>

(us,vs) = carry_save_adder xs ys zs

The three_nbit_sum function is provided because it was referred to in CLR.
Explanation of the code:
In CLR (p.668), it gives us that ui = parity (xi,yi,zi), that vi+1 = majority (xi,yi,zi), and that v0 = 0. The simplest way to get the bits we want is to construct us and vs and simply put the 0 on the front of vs afterwards. The three_nbit_sum function simply adds the three n-bit input to get us and vs, which are n-bits long and n+1-bits long respectively. To use our efficient carry-lookahead adder, we have to use a bit-width which is a power of two, so we want the first power of two greater than n+1, which in this case is n*2, since we require that n is a power of two itself.
Here are some tests for carry_save_adder:
carry_save_adder (rep 16 4132) (rep 16 123) (rep 16 3210) =
([(1,1),(0,1),(1,1),(0,1),(1,1),(0,1),(1,1),(1,1),(0,1),(0,1),(1,1),(1,1),(1,1),(0,1),(0,1),(0,1)],[(0,0),(0,1),(1,1),(0,1),(1,1),(0,1),(1,1),(0,1),(0,1),(0,1),(0,1),(0,1),(0,1),(0,1),(0,1),(0,1),(0,1)])
bin (fst $$) + bin (snd $$)

= 7465

This is what we expected, since 4132 + 123 + 3210 = 7465.

carry_save_adder (rep 32 5239) (rep 32 2390234) (rep 32 321042) =
([(1,1),(1,1),(1,1),(1,1),(1,1),(1,1),(0,1),(1,1),(0,1),(1,1),(0,1),(1,1),(0,1),(0,1),(0,1),(1,1),(0,1),(0,1),(0,1),(0,1),(0,1),(1,1),(0,1),(0,1),(0,1),(0,1),(0,1),(0,1),(0,1),(0,1),(0,1),(0,1)],[(0,0),(0,1),(1,1),(0,1),(0,1),(1,1),(0,1),(1,1),(0,1),(0,1),(0,1),(1,1),(0,1),(1,1),(1,1),(1,1),(0,1),(0,1),(0,1),(1,1),(0,1),(0,1),(0,1),(0,1),(0,1),(0,1),(0,1),(0,1),(0,1),(0,1),(0,1),(0,1),(0,1)])
bin (fst $$) + bin (snd $$)

= 2716515
And again, this is what we expected, since 5239 + 2390234 + 321042 = 2716515.
And here’s the same one for three_nbit_sum:

three_nbit_sum (rep 32 5239) (rep 32 2390234) (rep 32 321042) =
[(1,1),(1,3),(0,4),(0,5),(0,5),(1,6),(1,6),(0,7),(1,6),(1,7),(0,7),(0,8),(1,7),(1,8),(1,8),(0,9),(1,7),(0,8),(0,8),(1,9),(0,8),(1,9),(0,9),(0,10),(0,8),(0,9),(0,9),(0,10),(0,9),(0,10),(0,10),(0,11),(0,8),(0,9),(0,9),(0,10),(0,9),(0,10),(0,10),(0,11),(0,9),(0,10),(0,10),(0,11),(0,10),(0,11),(0,11),(0,12),(0,9),(0,10),(0,10),(0,11),(0,10),(0,11),(0,11),(0,12),(0,10),(0,11),(0,11),(0,12),(0,11),(0,12),(0,12),(0,13)]
bin $$

= 2716515
The carry_save_adder function takes constant time. The three_nbit_sum function grows with k, since it’s just doing a constant amount of work followed by a carry-lookahead addition. We can demonstrate this behaviour as follows:

map (maximum . map snd) (map (\n -> three_nbit_sum (rep n 5239) (rep n 2390234) (rep n 321042)) (map (2^) [4..7]))

= [11,13,15,17]
Here the times are clearly 2k + 3 (as k varies between 4 and 7), so three_nbit_sum grows with k = log2 n.
Now, here’s an array multiplier:
> and_gate :: Bit -> Bit -> Bit

> and_gate (1,a) (1,b) = (1, max a b + 1)

> and_gate (_,a) (_,b) = (0, max a b + 1)

> shift_right :: Int -> [Bit] -> [Bit]

> shift_right n xs = replicate n (0,0) ++ xs

> pad :: Int -> [Bit] -> [Bit]

> pad n xs = xs ++ replicate (n - length xs) (0,0)

> partial_products :: Int -> [Bit] -> [Bit] -> [[Bit]]

> partial_products _ _ [] = []

> partial_products i as ((b,_):bs) = shift_right i (if b == 1 then as else rep (length as) 0): partial_products (i+1) as bs

> recursive_csa :: [[Bit]] -> ([Bit],[Bit])

> recursive_csa (xs:ys:[]) = (xs,ys)

> recursive_csa (xs:ys:zs:xss) = recursive_csa (us:vs:xss)

>
where

>

(us,vs) = carry_save_adder (pad n xs) (pad n ys) zs

>

n = length zs

> -- Precondition: n = length as = length bs = 2^k

> array_multiplier :: [Bit] -> [Bit] -> [Bit]

> array_multiplier as bs = cla (pad (n*2) us) (pad (n*2) vs)

>
where

>

arbitrary_num = 1

>

(us,vs) = recursive_csa (rep arbitrary_num 0:partial_products 0 as bs)

>

n = length as

The partial_products function computes the partial products as defined in CLR (p.672). The recursive_csa function takes a list looking like:
[0,m(0),m(1),…,m(n-1)]

It combines the first three elements using the carry-save adder, then puts its outputs onto the front of the list and repeats:

[u(1),v(1),m(2),…,m(n-1)]

[u(2),v(2),m(3),…,m(n-1)]

etc.

We stop when there are only two elements left in the list:
[u(n-1),v(n-1)]

The array multiplier itself simply initiates the call to recursive_csa, and then adds the two outputs, using the carry-lookahead adder.

Here are a few test cases:

array_multiplier (rep 4 14) (rep 4 13)

= [(0,4),(1,6),(1,7),(0,8),(1,8),(1,9),(0,9),(1,10)]
bin $$
= 182

This is right, since 14 * 13 = 182.
array_multiplier (rep 8 132) (rep 8 45) =
[(0,8),(0,10),(1,11),(0,12),(1,12),(1,13),(0,13),(0,14),(1,13),(1,14),(1,14),(0,15),(1,14),(0,15),(0,15),(0,16)]
bin $$

= 5940

This is also right, since 132 * 45 = 5940.

array_multiplier (rep 64 12390) (rep 64 502) =
[(0,64),(0,66),(1,67),(0,68),(0,68),(0,69),(0,69),(0,70),(0,69),(0,70),(0,70),(1,71),(0,70),(1,71),(1,71),(1,72),(0,70),(1,71),(1,71),(1,72),(1,71),(0,72),(1,72),(0,73),(0,71),(0,72),(0,72),(0,73),(0,72),(0,73),(0,73),(0,74),(0,71),(0,72),(0,72),(0,73),(0,72),(0,73),(0,73),(0,74),(0,72),(0,73),(0,73),(0,74),(0,73),(0,74),(0,74),(0,75),(0,72),(0,73),(0,73),(0,74),(0,73),(0,74),(0,74),(0,75),(0,73),(0,74),(0,74),(0,75),(0,74),(0,75),(0,75),(0,76),(0,72),(0,73),(0,73),(0,74),(0,73),(0,74),(0,74),(0,75),(0,73),(0,74),(0,74),(0,75),(0,74),(0,75),(0,75),(0,76),(0,73),(0,74),(0,74),(0,75),(0,74),(0,75),(0,75),(0,76),(0,74),(0,75),(0,75),(0,76),(0,75),(0,76),(0,76),(0,77),(0,73),(0,74),(0,74),(0,75),(0,74),(0,75),(0,75),(0,76),(0,74),(0,75),(0,75),(0,76),(0,75),(0,76),(0,76),(0,77),(0,74),(0,75),(0,75),(0,76),(0,75),(0,76),(0,76),(0,77),(0,75),(0,76),(0,76),(0,77),(0,76),(0,77),(0,77),(0,78)]
bin $$

= 6219780

Again this is right, since 12390 * 502 = 6219780.

In terms of the time taken, the array multiplier grows with n. To demonstrate this, we do the following:
map (maximum . map snd) (map (\n -> array_multiplier (rep n 52) (rep n 239)) (map (2^) [3..6]))

[16,26,44,78]
It’s not hugely conclusive with so few values of k, but Hugs starts running out of memory if we make it any bigger!
Now for a Wallace-tree multiplier:
> cunning_csa :: [[Bit]] -> [[Bit]]

> cunning_csa [] = []

> cunning_csa (xs:[]) = [xs]

> cunning_csa (xs:ys:[]) = [xs,ys]

> cunning_csa (xs:ys:zs:xss) = cunning_csa (us:vs:cunning_csa xss)

>
where

>

(us,vs) = carry_save_adder (pad n xs) (pad n ys) zs

>

n = length zs

> wallace_tree_multiplier :: [Bit] -> [Bit] -> [Bit]

> wallace_tree_multiplier as bs = cla (pad (n*2) us) (pad (n*2) vs)

>
where

>

arbitrary_num = 1

>

[us,vs] = cunning_csa (rep arbitrary_num 0:partial_products 0 as bs)

>

n = length as
The main function (wallace_tree_multiplier) is essentially the same as array_multiplier, except that it now calls cunning_csa instead of recursive_csa. The cunning thing that cunning_csa does is to combine the elements of the list in triplets, and then repeat, as can be seen in CLR (p.676). This makes the time to multiply two n-bit numbers logarithmic. Looking at the way cunning_csa works on 8-bit numbers, we have:
[m(0),m(1),m(2),m(3),m(4),m(5),m(6),m(7)]

[u(m0m1m2),v(m0m1m2),m(3),m(4),m(5),m(6),m(7)]
[u(m0m1m2),v(m0m1m2),u(m3m4m5),v(m3m4m5),m(6),m(7)]
[u(u[m0m1m2]v[m0m1m2]u[m3m4m5]),v(u[m0m1m2]v[m0m1m2]u[m3m4m5]),v(m3m4m5),m(6),m(7)]
[u(u[m0m1m2]v[m0m1m2]u[m3m4m5]),v(u[m0m1m2]v[m0m1m2]u[m3m4m5]),u(v[m3m4m5]m6m7),v(v[m3m4m5]m6m7)]
etc.

which corresponds to Figure 29.16 in CLR.

Here are a couple of test cases for wallace_tree_multiplier:

wallace_tree_multiplier (rep 8 132) (rep 8 45) =
[(0,6),(0,8),(1,9),(0,10),(1,10),(1,11),(0,11),(0,12),(1,11),(1,12),(1,12),(0,13),(1,12),(0,13),(0,13),(0,14)]
bin $$

= 5940

Which is correct, as above.

wallace_tree_multiplier (rep 64 12390) (rep 64 502) =
[(0,44),(0,46),(1,47),(0,48),(0,48),(0,49),(0,49),(0,50),(0,49),(0,50),(0,50),(1,51),(0,50),(1,51),(1,51),(1,52),(0,50),(1,51),(1,51),(1,52),(1,51),(0,52),(1,52),(0,53),(0,51),(0,52),(0,52),(0,53),(0,52),(0,53),(0,53),(0,54),(0,51),(0,52),(0,52),(0,53),(0,52),(0,53),(0,53),(0,54),(0,52),(0,53),(0,53),(0,54),(0,53),(0,54),(0,54),(0,55),(0,52),(0,53),(0,53),(0,54),(0,53),(0,54),(0,54),(0,55),(0,53),(0,54),(0,54),(0,55),(0,54),(0,55),(0,55),(0,56),(0,52),(0,53),(0,53),(0,54),(0,53),(0,54),(0,54),(0,55),(0,53),(0,54),(0,54),(0,55),(0,54),(0,55),(0,55),(0,56),(0,53),(0,54),(0,54),(0,55),(0,54),(0,55),(0,55),(0,56),(0,54),(0,55),(0,55),(0,56),(0,55),(0,56),(0,56),(0,57),(0,53),(0,54),(0,54),(0,55),(0,54),(0,55),(0,55),(0,56),(0,54),(0,55),(0,55),(0,56),(0,55),(0,56),(0,56),(0,57),(0,54),(0,55),(0,55),(0,56),(0,55),(0,56),(0,56),(0,57),(0,55),(0,56),(0,56),(0,57),(0,56),(0,57),(0,57),(0,58)]
bin $$

= 6219780
Which is also correct.

In terms of the time taken, the wallace_tree_multiplier is a fair bit faster than the array_multiplier. According to CLR it grows with log2 n, but based on the results below, I’m not sure that my implementation of it does.
map (maximum . map snd) (map (\n -> wallace_tree_multiplier (rep n 52) (rep n 239)) (map (2^) [3..6]))

= [14,22,34,58]
