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Concurrency

Tutorial 2
1.3.2

Recall the processes P1, and Pu and Pd from Section 1.1.2. Prove that Pu =T P1 by the method above. [Hint: show that a vector consisting of P1

and one other process is a fixed point of the <Pu, Pd> recursion.]

Pu = up -> Pd

Pd = down -> Pu

P1 = up -> down -> P1

P2 = down -> P1

F(<Pu, Pd>) = <up -> Pd, down -> Pu>

Or in other words, F(<x,y>) = <up -> y, down -> x>

Well:

F(<P1, P2>) = <up -> down -> P1, down -> P1> = <up -> P2, down -> P1>

So <P1, P2> is a fixed point of the tail recursion, and hence by UFP <P1, P2> = <Pu, Pd> -> P1 = Pu

1.3.3 (optional)

Use laws and the UFP rule to prove that Chaos{A} |~| RUN{A} =T Chaos{A} for any alphabet A.

RUN{A} = ?x:A -> RUN{A}

Chaos{A} = STOP |~| (?x:A -> Chaos{A})

Proof:

Let CR{A} = Chaos{A} |~| RUN{A}

CR{A}

= Chaos{A} |~| RUN{A}

= (STOP |~| (?x:A -> Chaos{A})) |~| (?x:A -> RUN{A})


[expand it out]

= STOP |~| ((?x:A -> Chaos{A}) |~| (?x:A -> RUN{A}))


[associativity of |~|]

= STOP |~| (?x:A -> (Chaos{A} |~| RUN{A}))



[prefix-dist]

= STOP |~| (?x:A -> CR{A})






[defn. of CR{A}]

This is patently obviously the same as Chaos{A}, since it's exactly the same equation except for a change of name, but we'll show it explicitly

anyway:

F(Chaos{A}) = STOP |~| (?x:A -> Chaos{A})

Or in other words, F(P{A}) = STOP |~| (?x:A -> P{A})

Well:

F(CR{A}) = STOP |~| (?x:A -> CR{A})

So CR{A} is a fixed point of the tail recursion, and hence by UFP CR{A} = Chaos{A}

1.3.4

(a)

Let N >= 0. Give a trace specification for a process with events a, b and c which states that the difference between the number of a's and the

total number of b's and c's is at most N.

abs(tr↓a - (tr↓b + tr↓c)) <= N

(b)

Now find a CSP definition of a process D[N] for which this is the strongest specification. [Hint: give a parameterized recursion whose

parameter is the present difference.] D[0] is equivalent to a well-known simple process: what is it and why?

D[N] = D(0,N)

D(n,N) = (if n < N then a -> D(n+1,N) else STOP) [] (if n > -N then (b -> D(n-1,N)) [] (c -> D(n-1,N)) else STOP)

D[0] is equivalent to STOP, because:

D[0]

= D(0,0)

= (if 0 < 0 then a -> D(1,0) else STOP) [] (if 0 > 0 then (b -> D(-1,0)) [] (c -> D(-1,0)) else STOP)

= STOP [] STOP

= STOP

(c)

What traces refinements hold between the D[N]?

D[N+1] [T= D[N]

This is because the set of traces D[N] can do is a subset of the traces D[N+1] can do.

1.3.5

Give the strongest trace specification satisfied by COPY = left?x -> right!x -> COPY. Use the proof rules for sat given above to prove that COPY meets it.

R(tr) := 0 <= #(tr↓left) - #(tr↓right) <= 1

COPY sat 0 <= #(tr↓left) - #(tr↓right) <= 1

iff

COPY sat (0 <= #(tr↓left) - #(tr↓right) ^ #(tr↓left) - #(tr↓right) <= 1)

iff

COPY sat (0 <= #(tr↓left) - #(tr↓right)) ^ COPY sat (#(tr↓left) - #(tr↓right) <= 1)

Base Case

R(<>) holds, since #(<>↓left) - #(<>↓right) = 0 - 0 = 0

Inductive Step

As per p.44, we assume that the result holds for the recursive call of copy. We only need to show that it holds for

left?x -> right!x -> COPY

given this. Well, as per p.37:

traces(left?x -> right!x -> COPY)

= {<>} U {<left.a>^s | a in SIGMA ^ s in traces((right!x -> COPY)[a/x])}

= {<>} U {<left.a>^s | a in SIGMA ^ s in traces(right!x -> COPY)}

[since there are no free occurrences of x in right!x -> COPY]

= {<>} U {<left.a>^s | a in SIGMA ^ s in ({<>} U {<right.a>})}

= {<>} U {<left.a> | a in SIGMA} U {<left.a, right.a> | a in SIGMA}

Well, in any of these three cases R(tr) still holds. So using the implication rule for sat, we have that COPY meets the specification R(tr).

(Disclaimer: Yes, I know this answer is distinctly woolly. That's because I don't understand it well enough!)

2.1.1

How do COUNT(0) || COUNT(3), COUNT(0) || Counter(0,0) and COUNT(0) || REPEAT behave, where they are all as described in the previous chapter?

For each either find an existing process that behaves like the appropriate combination, or define a new (sequential) process that does.

Prove trace equivalence in at least one case using the UFP rule.

COUNT(0) = up -> COUNT(1)

COUNT(n) = (up -> COUNT(n+1) | down -> COUNT(n-1))

COUNT(0) || COUNT(3) behaves like COUNT(0)

To see this, consider:

COUNT(0) || COUNT(3)

= up -> COUNT(1) || (up -> COUNT(4) | down -> COUNT(2))

= up -> (COUNT(1) || COUNT(4))

= up -> ((up -> COUNT(2) | down -> COUNT(0)) || (up -> COUNT(5) | down -> COUNT(3))

= (up -> up -> (COUNT(2) || COUNT(5)) | up -> down -> (COUNT(0) || COUNT(3)))

Define COUNTP(n) = COUNT(n) || COUNT(n+3), and we have:

COUNTP(0)

= up -> COUNTP(1)

COUNTP(n)


(n > 0)

= COUNT(n) || COUNT(n+3)

= (up -> COUNT(n+1) | down -> COUNT(n-1)) | (up -> COUNT(n+4) | down -> COUNT(n+2))

= (up -> COUNTP(n+1) | down -> COUNTP(n-1))

Thus COUNTP is the same as COUNT, and hence COUNT(0) || COUNT(3) = COUNTP(0) = COUNT(0).

To prove trace equivalence:

Let A be the vector of processes with structure matching the COUNT recursion (i.e. it has one component for each n in Z), where the i'th

component A[i] := COUNTP(i). Now:

F<count>(A[0]) = up -> A[1] = up -> COUNTP(1) = COUNTP(0) = A[0]

F<count>(A[n]) = (up -> A[n+1] | down -> A[n-1])

(n > 0)


       = (up -> COUNTP(n+1) | down -> COUNTP(n-1))


       = COUNTP(n)


       = A[n]

So A is indeed a fixed point of F<count>, and by UFP it's the unique fixed point, so COUNTP = COUNT.

Counter(n,m) = 
(down
-> Counter(n-1,m)) <|n > 0|> STOP



[]
(up
-> Counter(n+1,m)) <|n < 7|> STOP



[]
(left
-> Counter(n,m-1)) <|m > 0|> STOP



[]
(right
-> Counter(n,m+1)) <|m < 7|> STOP

COUNT(0) || Counter(0,0) behaves like Counter(0,m) for any m.

To see this, consider:

Counter can't do any left or right events, since COUNT can't, so we don't need to worry about those (the value of m never changes). They can

both do up or down events together, but Counter can't go higher than 7, whereas COUNT can.

REPEAT = ?x:SIGMA -> x -> REPEAT

COUNT(0) || REPEAT behaves like a COUNT which can only count even numbers.

To see this, consider:

COUNT(0) || REPEAT

= (up -> COUNT(1)) || (?x:SIGMA -> x -> REPEAT)

= up -> (COUNT(1) || (up -> REPEAT))

= up -> ((up -> COUNT(2) | down -> COUNT(0)) || (up -> REPEAT))

= up -> up -> (COUNT(2) || REPEAT)

Define COUNTR(n) = COUNT(n) || REPEAT, and we have:

COUNTR(0) = up -> up -> COUNTR(2)

and

COUNTR(n)


(n > 1)

= COUNT(n) || REPEAT

= (up -> COUNT(n+1) | down -> COUNT(n-1)) || (?x:SIGMA -> x -> REPEAT)

= (up -> (COUNT(n+1) || (up -> REPEAT)) | down -> (COUNT(n-1) || (down -> REPEAT)))

= (up -> ((up -> COUNT(n+2) | down -> COUNT(n)) || (up -> REPEAT)) | down -> ((up -> COUNT(n) | down -> COUNT(n-2)) || (down -> REPEAT)))

= (up -> up -> (COUNT(n+2) || REPEAT) | down -> down -> (COUNT(n-2) || REPEAT))

= (up -> up -> COUNTR(n+2) | down -> down -> COUNTR(n-2))

Actually, the situation isn't quite that simple, because we need to consider COUNTR(1) as well:

COUNTR(1) = (up -> up -> COUNTR(3) | down -> STOP)

2.2.1

Find pairs of actors (Front<i>,Back<i>) (i = 1,2,3) for the pantomime horse so that the overall behaviour is respectively (using the same

alphabets for the parallel composition as on page 56)

PH1 = neigh -> forward -> kick -> backward -> PH1

Front1 = neigh -> forward -> backward -> Front1

Back1 = forward -> kick -> backward -> Back1

PH2 = forward -> neigh -> PH2 [] backward -> kick -> PH2

Front2 = forward -> neigh -> Front2 [] backward -> Front2

Back2 = forward -> Back2 [] backward -> kick -> Back2

PH3 = neigh -> wag -> forward -> PH3 [] wag -> neigh -> forward -> PH3

Front3 = neigh -> forward -> PH3

Back3 = wag -> forward -> PH3

We can't construct

PH4 = neigh -> wag -> forward -> PH4

in this way, because there's no way of ensuring that neigh and wag are in this particular order, as the processes don't need to agree when

either happens.

2.2.2

Let X = {a,b,c,d} and Y = {c,d}, and let

P = a -> c -> P [] b -> d -> P

Q = c -> d -> Q

What are the traces of P[X||Y]Q? Which of these traces are terminal, in the sense that they are not prefixes of any other trace? What can you

say about the behaviour of a process after it has performed such a trace?

b -> STOP or

a or

a -> c or

a -> c -> b or

a -> c -> b -> d or

a -> c -> b -> d -> P[X||Y]Q

...

Essentially, then, abusing regular expression notation we have:

(a -> c -> b -> d)* -> (b -> STOP)

The terminal traces are all the ones which have a finite number of (a -> c -> b -> d)'s in them and then go on to b -> STOP. So for instance,

a -> c -> b -> d -> b -> STOP is a terminal trace.

The behaviour of a process after it has performed such a trace is that of STOP.

2.2.3

Use the methods illustrated in this section to expand P[X||Y]Q to a sequential process (where P and Q are as in the previous question). You

should find some states in this expansion equivalent to STOP - corresponding to deadlock. Compare these states to the terminal traces.

Find a process R with alphabet Z = {a,b} such that R[Z||X](P[X||Y]Q) is deadlock-free.

SEQ = a -> c -> b -> d -> SEQ [] b -> STOP

Doing the actual expansion:

P[X||Y]Q

= (a -> c -> P [] b -> d -> P)[X||Y](c -> d -> Q)

= a -> ((c -> P)[X||Y](c -> d -> Q)) [] b -> STOP

= a -> c -> (P[X||Y](d -> Q)) [] b -> STOP

= a -> c -> ((a -> c -> P [] b -> d -> P)[X||Y](d -> Q)) [] b -> STOP

= a -> c -> b -> ((d -> P)[X||Y](d -> Q)) [] b -> STOP

= a -> c -> b -> d -> P[X||Y]Q [] b -> STOP

Hence define SEQ = P[X||Y]Q, giving the above equation.

The terminal traces are those which finish with a b -> STOP.

R = a -> b -> R

Then:

R[Z||X](P[X||Y]Q)

= (a -> b -> R)[Z||X]((a -> c -> P [] b -> d -> P)[X||Y](c -> d -> Q))

= (a -> b -> R)[Z||X](a -> ((c -> P)[X||Y](c -> d -> Q)) [] b -> STOP)

= a -> ((b -> R)[Z||X]((c -> P)[X||Y](c -> d -> Q)))

= a -> ((b -> R)[Z||X](c -> (P[X||Y](d -> Q))))

= a -> c -> ((b -> R)[Z||X](P[X||Y](d -> Q)))

= a -> c -> ((b -> R)[Z||X]((a -> c -> P [] b -> d -> P)[X||Y](d -> Q)))

= a -> c -> b -> R[Z||X]((d -> P)[X||Y](d -> Q))

= a -> c -> b -> d -> R[Z||X](P[X||Y]Q)

Define SEQ2 := R[Z||X](P[X||Y]Q)

Then SEQ2 = a -> c -> b -> d -> SEQ2, which is deadlock-free.
