Stuart Golodetz

Compilers

Tutorial 1
Exercise 3.1

Give regular expressions that describe the following sets of strings over the alphabet {a,b,c}:

(a) The set of strings containing a certain number of a's followed by a certain number of b's, such that the total length of the string is odd.

(aa)*a(bb)* + (aa)*b(bb)* = (aa)*(a + b)(bb)*

(b) The set of all strings that do not contain ab.

By constructing a DFA and converting it using the method from Models of Computation:

(b + c)*(<e> + a(<e> + a + c(b + c)*a)*(<e> + c(b + c)*))

(c) The set of strings that contain at least two c's.

(a + b)*c(a + b)*c(a + b + c)*

(d) The set of strings that do not contain more than two c's.

(a + b)*(<e> + c)(a + b)*(<e> + c)(a + b)*

(e) The set of all strings that do not contain more than two c's in a row.

By analogy with (b):

(a + b)*(<e> + c((<e> + c)(<e> + a + b + (a + b)(a + b)*c))*(<e> + (a + b)(a + b)*))

And no, it's not aesthetically pleasing! Whether it's right, on the other hand, remains to be seen...

Exercise 3.2

(a)

Yes. Consider the regular expression:

Letter Letter Digit Digit Letter Letter Letter (e.g. my numberplate RJ51XHW)

(b)

Yes, theoretically, if we could enumerate them all (the DVLA probably can, since there are finitely many...). Then we could write, for example:

(R J 5 1 X H W) + ... + (W 7 G N U)

Of course, these particular numberplates wouldn't fetch more thean £1000 at auction, but that's not the point.

(c)

No.

Exercise 3.3

Prove the following equations between regular expressions:

(a)

(a + aa)* = a*

Proof

<=) a* <= (a + aa)*

Since L((E + F)) =def L(E) U L(F), clearly L(E) C L((E + F))

Thus L(a) C L(a + aa)

Whence a <= a + aa by the definition of <=

By the laws of inequational logic, if E <= F then E* <= F*

So a <= a + aa -> a* <= (a + aa)*

=>) (a + aa)* <= a*

(a + aa)*

= <e> + (a + aa)(a + aa)*

{<e> + EE* = E*}

<e> <= a*



{trivial}

(a + aa)(a + aa)*

= a(a + aa)* + aa(a + aa)*

{(E + F)G = EG + FG}

We apply F + GE <= G -> FE* <= G with:

E := a + aa

F := a

G := a*

Then a + a*(a + aa) <= a* -> a(a + aa)* <= a*

Well, to show the LHS holds:

a <= a*



{trivial}

a*(a + aa)

= a*a + a*aa

a*a <= a*



{since <e> + E*E = E*}

a*aa <= a*a



{from the above line, using the laws of inequational logic}

-> a*aa <= a*

Thus a*a + a*aa <= a*

And the LHS holds, giving us the RHS, that a(a + aa)* <= a*

We now apply F + GE <= G -> FE* <= G with:

E := a + aa

F := aa

G := a*

Then aa + a*(a + aa) <= a* -> aa(a + aa)* <= a*

Well, as just shown, a*(a + aa) <= a*. And clearly aa <= a*. So aa(a + aa)* <= a*.

Thus a(a + aa)* + aa(a + aa)* <= a*

And (a + aa)* <= a*, as required

<=>) So (a + aa)* = a*

(b)

(a + b)* = a*(ba*)*

Proof

<=) a*(ba*)* <= (a + b)*

Trivial, since (a + b)* is the set of all strings over {a,b}

=>) (a + b)* <= a*(ba*)*

(a + b)*

= <e> + (a + b)(a + b)*

{E* = <e> + EE*}

Well, <e> <= a*(ba*)*

{trivial}

What about (a + b)(a + b)*:

a(a + b)* + b(a + b)*

We apply F + GE <= G -> FE* <= G with:

E := a + b

F := a

G := a*(ba*)*

Then a + a*(ba*)*(a + b) <= a*(ba*)* -> a(a + b)* <= a*(ba*)*
(1)

a <= a*(ba*)*



{trivial}

a*(ba*)*(a + b)

= a*(ba*)*a + a*(ba*)*b

Lemma

a*(ba*)*a <= a*(ba*)*

Proof

a*(ba*)*a

= a*(<e> + (ba*)*ba*)a

= a*a + a*(ba*)*ba*a

Well:

a*a <= a*



{<e> + E*E = E* -> E*E <= E*}

<e> <= (ba*)*



{trivial}

a* <= a*(ba*)*


{by the laws of inequational logic}

a*a <= a* <= a*(ba*)* -> a*a <= a*(ba*)*

And:

a*a <= a*



{as above}

a*(ba*)*ba*a <= a*(ba*)*ba*
{by the laws of inequational logic}

(ba*)*ba* <= (ba*)*


{<e> + E*E = E* -> E*E <= E*}

a*(ba*)*ba* <= a*(ba*)*

{by the laws of inequational logic}

So a*(ba*)*ba*a <= a*(ba*)*

{by transitivity of <=}

But this is what we needed, so a*(ba*)*a <= a*(ba*)*

End Lemma

Lemma

a*(ba*)*b <= a*(ba*)*

It suffices to prove that (ba*)*b <= (ba*)*, since by the laws of inequational logic, if E <= F then GE <= GF.

We apply F + EG <= G -> E*F <= G with:

E := ba*

F := b

G := (ba*)*

Then b + ba*(ba*)* <= (ba*)* -> (ba*)*b <= (ba*)*

Well:

<e> <= a*



{trivial}

b<e> <= ba*



{by the laws of inequational logic}

ba* <= (ba*)*



{E <= E*}

b<e> = b <= ba* <= (ba*)* -> b <= (ba*)*

And ba*(ba*)* <= (ba*)*

{<e> + EE* = E* -> EE* <= E*}

So (ba*)*b <= (ba*)*

End Lemma

All this work now gives us the RHS of (1), above:

a(a + b)* <= a*(ba*)*

It remains to show that b(a + b)* <= a*(ba*)*.

We apply F + GE <= G -> FE* <= G with:

E := a + b

F := b

G := a*(ba*)*

Then b + a*(ba*)*(a + b) <= a*(ba*)* -> b(a + b)* <= a*(ba*)*
(2)

Well:

<e> <= a*



{trivial}

b = b<e> <= ba*


{by the laws of inequational logic}

ba* <= (ba*)*



{E <= E*}

So b <= ba* <= (ba*)*

<e> <= a*



{trivial}

(ba*)* <= a*(ba*)*


{by the laws of inequational logic}

Thus b <= (ba*)* <= a*(ba*)*
{by the transitivity of <=}

What about a*(ba*)*(a + b):

a*(ba*)*(a + b)

= a*(ba*)*a + a*(ba*)*b

{E(F + G) = EF + EG}

But we've already proved that both of these are <= a*(ba*)* above (and it would be far too tedious to do it again!)

So our LHS holds, giving us from (2) that b(a + b)* <= a*(ba*)*

At this point we're done, and (a + b)* <= a*(ba*)*

Moreover, (a + b)* = a*(ba*)*, as required, because we've already proved it the other way.

Exercise 3.4

I'm guessing a little here, because we haven't covered the syntax for this yet.

let commentCount = ref 0;;

...

and comment =


parse



"(*"

{commentCount := commentCount+1; ()}


|
"*)"

{commentCount := commentCount-1; if commentCount > 0 then comment lexbuf else ()}


|
_

{comment lexbuf}


|
eof

{()}

Exercise 4.1

S -> a S b | <e>

Exercise 4.3

I'm just guessing on this one as well, because we haven't covered this yet.

stmt:

...

| IF expr THEN stmts elsif_part END

{IfStmt($2, Seq $4, Seq $5)}

...

elsif_part:


else_part



{$1}

|
ELSIF expr THEN stmts elsif_part
{IfStmt($2, Seq $4, Seq $5)};

else_part:


/* empty */



{[]}

|
ELSE stmts



{$2};
